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ABSTRACT 
Shell structures achieve a substantial contribution to their strength from ge-
ometry. Likewise, then as a corollary, some shells, will experience significant 
changes in their strength as a consequence of changes in their geometry that 
develope in response to loads. The special characteristics of concrete, as an aging 
viscoelastic material, allow the increase of deflections in time under constant load; 
in addition, concrete shrinks when drying, and consequently, stress redistributions 
due to geometric changes take place. It therefore follows that reinforced concrete 
shells built in certain configurations may experience problems due to time defor-
mations . 
One class of shells which apparently has experienced more than its share of 
such problems is the shallow hyperbolic parabola. Several roof shells built in this 
configuration have suffered significant structural failure from five months to as 
long as fifteen years after their being placed in service. 
In this investigation, a general finite element program is extended to consider 
time dependent and time independent characteristics of concrete in shell-beam 
structures. Cracking, concrete compressive nonlinearity, steel nonlinearity, and 
concrete-steel interaction are considered in the time independent model, while 
aging, creep and shrinkage are included in the time dependent one. 
With the model implemented, a series of studies are developed considering the 
structural effect of several parameters on the time dependent response of gabled 
roofs. Among the parameters considered, the manner of constraint in the support, 
and the size and position of the crown beams are important. Decrease in the load 
carrying capacity level considering time dependent effects has been observed with 
a final strength of only 50% to 75% of that without any time variation, displace-
ments are increased four to eight times from the time independent ones, and large 
stress redistributions have been found to occur with a shift in the load carrying 
mechanisms from membrane to flexural. Some apparently unimportant parameters 
like the crown beam positioning with respect to the shell have been found to have 
an important role in the structural response. Design considerations emerging from 
the numerical results are highlighted in an effort of improve our design criteria 
basis for this kind of structures . 
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CHAPTER 1. 
INTRODUCTION 
1.1. Introduction 
The beauty, efficiency, and economy of reinforced concrete shells are some of 
the reas~ns for the widespread use of this kind of structures. Although many shells 
have been designed and built since the late 1950's, analytical solutions exist for 
only the simplest cases. The extended use of complex shapes, of nonlinear materi-
als, such as reinforced concrete, and the use of discrete stiffening elements and 
isolated points of support transforms the problem into a very complex one. Practi-
cal structural analysis and design utilize simplifications, such as the use of linear 
elastic materials, and the use of analysis models which are based on membrane 
solutions. The final design always considers criteria obtained from the observations 
of the behavior of real structures and from tests. 
The process of hydration, and the molecular structure of concrete, give certain 
special characteristics to this material, such as aging, creep, and shrinkage. These 
characteristics, as a group, are known as time dependent effects of concrete. 
Shell structures achieye. a substantial contribution to their strength from ge-
ometry. It takes only a very modest addition of some rise to the center of a flat 
circular surface to transform the flexural response of a circular plate over to that 
of a shallow shell with its significant membrane contribution. Likewise, then as a 
corollary, some shells, will experience significant changes in their strength as a 
consequence of changes in their geometry that develope in response to loads. The 
special characteristics of concrete, as an aging viscoelastic material, allow an in-
crease of deflections under constant load, and consequently, a stress redistribution 
due to geometric changes. This behavior under constant load is known as creep. 
Shrinkage of concrete can also cause additional redistribution of stresses. It there-
fore follows that reinforced concrete shells built in certain configurations may ex-
perience problems due to time deformations. 
One class of shells which apparently has experienced more than its share of 
such problems is the shallow hyperbolic parabola. Several roof shells built in this 
configuration have suffered significant structural failure from five months to as 
long as fifteen years after their being placed in service. Public announcements of 
these failures, even in the technical literature, are somewhat rare, being noted in 
2 
those cases where some or all of the shell completely collapsed. Some examples 
are the partial failure of an inverted umbrella in Dallas, Texas covering a service 
station [33], after five months in 1960, the total collapse of a gabled roof gymna-
sium in Henrico Co., Virginia [34], after eight years in 1970, and the partial col-
lapse of a saddle shell roofing the airport terminal in Cheyenne, Wyoming [35], 
after fifteen years of service, in 1975. Legal aspects of these, and other cases, limit 
the amount of data published. In some other cases, no collapse occurred, but se-
vere structural damage and serviceability problems develop. 
Computational abilities in the form of nonlinear finite element techniques have 
achieved a level of success that makes them a possible framework through which 
to investigate the behavior of these structures. Improved concrete models have 
been developed in the past several years that make possible the representation of 
this material phenomenon in a finite element context. Also, better concrete models 
with more realistic cracking and nonlinear material representations provide the 
researcher with a better basis for producing an adequate structural model, which 
can trace the behavior of the structure through the various stages of material dis-
tress and from which possible explanations for the behavior and actual failure of 
such structures may be found. 
1.2. Review of previous research 
One of the early works on the numerical analysis of shells considering time 
dependent effects was performed by Kabir [45], where he used the finite element 
method with layered triangular flat shell elements. Kabir used a geometrically lin-
ear formulation and a nonlinear material law to represent concrete. He introduced 
an ingenious method to represent creep avoiding history dependence on the strains. 
Using this method, a gabled roof was analyzed over a period of six months, and a 
reduction in the ultimate capacity of the structure from 6.5 to 5 units of live load 
was found. 
In a further extension of this research [49], the same program was used to 
analyze a saddle shaped shell, where a reduction in the capacity from 8.1 to 6.5 
units of live load was found. 
Using the same algorithm as Kabir, Chan [25] introduced geometric nonlinear 
strain-displacement relationships, and isoparametric lagrangian shell and beam 
elements. Chan analyzed the same gable roof studied by Kabir, and found that by 
considering only nonlinearities due to geometry, a reduction in the capacity from 
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6.5 to 3.3 units of live load was obtained. By considering both, geometric and 
material nonlinearities, and incorporating time dependent effects over a period of 
six months, he found a reduction in the capacity from 5.1 to 2 units of live load. 
This was a surprising result,' as it shows that creep and shrinkage influence sub-
stantially the behavior of some shells, and points to the time dependent effects as a 
source of many of the problems experienced by those shells. 
Ho:vever, the final load carrying mechanism after creep is not clear from 
Chan's results, and the exact cause triggering the failure is uncertain. The cracking 
of the crown beams is pointed out as one of the reasons, but the stress transfer at 
failure and the reason for the inability of the structural elements to carry more 
load are not well defined. More information is required in order to form a basis for 
design criteria. In addition, a noticeable difference in the results was obtained with 
the two mesh models used by Chan, which gives indications that the mesh models 
may be too coarse. This relatively coarse mesh was used due to the high memory 
requirements of this type of analysis. 
1.3. Objective and scope 
The aim of this research is to develope behavioral information for a better 
understanding of the structural response of reinforced concrete structures which 
are susceptible to creep causing significant alterations of load capacities such as 
hyperbolic paraboloidal shells subject to time dependent effects. The time depend-
ent effects of importance in the proposed research are the creep and shrinkage of 
concrete. 
Time dependent effects are not important in the behavior of all reinforced 
concrete structures, but must be considered in the design of some special struc-
tures, such as long span thin shells where the ratio of thickness to radius of curva-
ture or the rise to span is very small. Creep deformations can significantly alter the 
curvature of these shells, this is especially true for certain regions of hyperbolic 
p~raboloids _ 
Due to their great sensitivity to geometrical changes in some regions of the 
shell, this study deals primarily with hyperbolic paraboloid shells, such as gabled 
roofs, saddle shells, and inverted umbrellas. 
In studying time dependent effects on shells under normal loading conditions, 
the emphasis is on the change of the load carrying mechanisms that may occur 
4 
with time; and under increasing loading, the changes In the final capacity and 
serviceability of the structure. 
Among the important parameters influencing the structural response and re-
quiring special consideration are the size and position of beams, quality of con-
straint at the supports, the orientation and percentage of reinforcement, the thick-
ness, shallowness, and geometry of the shell. 
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CHAPTER 2. 
NUMERICAL SOLUTION INCLUDING TIME 
DEPENDENT EFFECTS 
An adequate analysis of reinforced concrete shells including time dependent 
effects" can only be performed by means of numerical methods, such as the finite 
element method. The finite element method is a suitable procedure to incorporate 
any material and geometric nonlinearities in the solution procedure, and also for 
the inclusion of special analysis procedures, such as those involved with creep and 
shrinkage. 
In this chapter a description of the formulation and procedures used in this 
investigation is presented in detail. First the finite element formulation, including 
inelastic deformations, is presented. The parts affected by inelastic deformations 
are highlighted in order to determine where creep and shrinkage enters in the 
formulation. Finally, a description of the procedure used to analyze a specific 
problem is presented. This Chapter gives a clear idea of the requirements needed 
for the analysis of reinforced concrete shells including time dependent effects. 
2.2. Finite element formulation 
The displacement based finite element formulation is easily extended to 
include creep and shrinkage effects. A general overview of the finite element 
formulation is presented now. The continuous structure is discretized, and 
considered divided in many elements. All the elements have their own properties, 
and are connected at their nodal points. Consider the generalized displacements q, 
which define the distribution of displacements, resultant displacements, or similar 
functions inside a region, and generalized nodal displacements Q , which are the 
values of those displacements at the nodes. The generalized displacement fields 
inside each element are continuous functions of the generalized nodal 
displacements as shown in Eq. (2.1): 
q = N ex, y, z) Q (2.1) 
where N ex, y, z) is the matrix of shape functions which relates the generalized 
displacement functions with the nodal displacements. 
6 
For numerical computations, it is usually more convenient to use rate type 
expressions. Eq. (2.1) is expressed in rate form as: 
q = N (x, y, z) Q 
where q is the vector of the rate of generalized displacement fields, and 
vector of the rate of generalized nodal displacements. 
Q 
(2.2) 
is the 
The generalized strain rate v is related to the rate of generalized nodal 
displacements or generalized nodal velocities through the matrix or operator B by: 
t = B Q (2.3) 
The strain displacement matrix B, includes linear BL and nonlinear BNL terms: 
(2.4) 
The principle of virtual work is frequently used to obtain the equations of 
equilibrium of a system: 
i = el 
I f BT P dV R (2.5) 
i = 1 V 
where BT is the transpose of the matrix relating the rates of generalized strains 
with the generalized nodal displacements, p is the generalized stress vector, dV is 
the differential of volume, and R is a vector of equivalent generalized external 
loads. The summation implies the contribution of all the elements of the system. 
Again, a more useful set of equations is obtained by taking the rate of the principle 
of virtual work: 
I := t: 
I J BT P dV + 
i = el I f BT P dV = R (2.6) 
I '" 1 \I i = 1 v 
where as above, the dot implies a derivative with respect to time. 
In order to incorporate the properties of the material in the equilibrium 
equations, incremental generalized stress-generalized strain relationships are used: 
..:. (..:...:.p":'C ":'0) p = D(t) v - v - v - v (2.7) 
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or 
p = DCt) (v (2.8) 
where DCt) is the constitutive matrix, which is time dependent if aging IS 
considered, as in the case of concrete. The total generalized strain rate is given by 
v, and the generalized inelastic strain rate is given by {rn. This inelastic strain 
rate is,. in general, composed of the rate of plastic, creep, and stress independent 
generalized strains, which are represented by vP , vC , and VO respectively: 
(2.9) 
It must be remembered that while the generalized plastic strain rates may be 
considered as time independent, the creep, and stress independent generalized 
strain rates vary continuously with time. 
Substitution of the generalized stress-strain relations in the rate of virtual work 
expression generates the equilibrium equations. The first, and the second terms of 
Eq. (2.6) yield respectively: 
i = eZ I I BT P dV = Kg Q (2.10) 
i = 1 V 
and 
i = el I f BT P dV = K Q (2.11) 
i = 1 v 
where 
i = el 
K = I fBT D B dV (2.12) 
i = 1 V 
and 
Kg 
i = el I f GT Mo G dV (2.13) 
i = 1 V 
where G is a matrix with derivatives of the shape functions, and Mo is a matrix 
which depends on the state of stress. The matrix Kg is called the geometric 
8 
stiffness matrix, or initial stress matrix. The matrix K is a nonlinear stiffness 
matrix as B depends on the nodal displacements. 
The final representation of the rate equilibrium equations is then: 
. . . 
KT Q = R + Rin (2.14) 
or in incremental form 
(2.15) 
where KT is the tangential stiffness matrix: 
KT = K + Kg (2.16) 
and 6...Rin is the vector of generalized incremental inelastic equivalent loads, which 
is written as 
i = el I f BT Dct) ~vin dV (2.17) 
i = 1 V 
It must be noted that the time dependent effects are introduced in the 
incremental equilibrium equations only in two parts. The first is the tangential 
stiffness matrix K T , where the aging effect of the constitutive matrix DCt) 
introduces the dependency; and the second, is in the evaluation of the vector of 
generalized incremental inelastic equivalent loads where the constitutive matrix 
DCt), and the generalized incremental inelastic strains ~vin are both changing 
continuously with respect to time. 
If in Eq. (2.9) for the generalized inelastic strain rates, the creep and the stress 
independent strain rates are zero, then the generalized inelastic strain rate is 
produced only by plastic strain rates: 
':'in ':'p 
V = V (2.18) 
and the solution of the equilibrium equations would follow the normal procedures 
employed in plasticity problems. 
If only the generalized plastic strain rates were zero, then the generalized 
inelastic strain rate would be formed by the creep, and the stress independent 
strain rates: 
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(2.19) 
and the solution in this case would follow the procedures of elasto-creep problems . 
However, if all the components of the generalized inelastic strain rates are acting 
at the same time, interaction between the plastic and the time dependent strain 
rates would be present, and the solution in this case should follow one of the 
procedures for elastic-plastic-creep problems, such as the one proposed by Bathe, 
and Sriyder [3]. This latter case is more complicated and numerically more 
expensive than either of the first two. 
For the study of the long term response of reinforced concrete shells, the 
structures are working under the action of constant service loads usually in the 
linear range of the material. Current practical creep relations for concrete are 
linear, and valid up to 40% of the strength of the material. Plasticity in concrete is 
important for the investigation of the final capacity of the structure. At that stage, 
the stresses in the structure are high and above the level of 40% of the strength. In 
consequence, when investigating the behavior of shells for long time periods under 
service load, an extensive interaction between creep and plastic strains is not 
expected. The problem may then be divided in two. The first is a time dependent 
one, which is suitable for the study of the structural behavior under applied service 
load; and the second, is a time independent one, which is adequate for the study of 
the capacity of the structure. 
The time dependent problem can be studied as an elasto-creep problem, and 
the time independent one as an elasto-plastic problem. 
2.3. Stress and strain resultant concept 
The finite element formulation has been developed, so far in terms of 
resultants. In this section, a specific definition of the stress and strain resultant 
concepts is given. 
The stress resultants are the forces, and moments resulting from the 
integration of the stress distribution through the section of an element. For a beam, 
the section cuts the member completely across; for shells and plates the section 
cuts through the thickness but extends only one unit in width. The stress resultants 
are convenient quantities to describe the stresses in an element and for setting up 
the equilibrium equations. Using the stress resultants it is possible to reduce the 
dimensionality of the problem. 
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The stress resultants differ in their physical interpretation according to the 
element on which they are defined. Figures 2.1 and 2.2 show the stress resultants 
in a beam and in a shell respectively. The general stress resultants are defined for 
a plate or shell in terms of the stress distributions as: 
1 
Nx 
t f ax d~ = 2 
- 1 1 
1 Mx GJ f ~ ax d~ t f ay Ny = - d~ - 1 2 
- 1 
GJ 1 1 f ~ Nxy t f axy d~ My ay d~ (2.20) = 2 - 1 
- 1 
1 
Qz t f axz d~ GJ 1 = f ~ 2 Mxy = axy d~ - 1 
- 1 
1 
Qy = f axy d~ 2 
- 1 
where t is the thickness of the element. For a beam, the stress resultants are 
defined in a similar form, but over the beam section. The stress resultants are 
defined using a reference line or surface. For shells or plates, the reference surface 
is usually the middle surface, while for beams, the reference axis is usually the 
centroidal axis. 
By assuming a specific stress distribution over the section, the integrals in Eq. 
(2.20) can be evaluated. This is very useful for the integration involved in the finite 
element analysis is then a numerical integration that must be carried out only over 
the reference line or surface. This produces an economic solution for these 
elements. 
By assuming a specific stress-strain relationship, then following its substitution 
in the stress resultant definition of Eqs. (2.20), a new set of equations is obtained, 
which in matrix format is given as: 
,. ..... --
I 
I 
l . 
r: .. 
r· 
L 
I 
I 
I 
.... 
~". t· 
r 
I 
t 
[ 
f j 
L. 
1 
1 
J 
J 
j 
J 
1 
] 
I 
j 
. 1 
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N x Ex 
Ny 
Ey 
Yxy 
Nxy Yxz 
Qx Yyz 
D t t (2.21) Qy = - - ICx 2 2 
Mx t 
My 
- ICy 2 
Mxy t 
- ICxy 2 
where the components inside the right parenthesis are the strain components at the 
reference surface. The rate or incremental version of these equations are those 
required in the finite element formulation by Eq. (2.8). 
In Eq. (2.21) the product of half the thickness by the vector in the right hand 
side of the equation forms the generalized strain resultant vector, which is 
compatible with the definition of the stress resultant vector defined by the left hand 
member of the equation. 
2.4. Layering concept 
The layering concept results as the direct physical interpretation of the 
discretization of the integrals in Eqs. (2.20). Figure 2.3 shows a diagram of a 
layered beam and a layered shell element. The layering concept can be introduced 
in the finite element procedure in two ways. The first consists of treating each 
layer as a different element, and therefore looping through each layer of each 
element during the evaluation of the properties of the system. This would be very 
expensive, but it would be the only possibility in order to allow for different 
properties to be present in each layer. A second approach,. separates the material 
discretization from the finite element procedure, incorporating it into the material 
model computations. This procedure has the advantage that the finite element 
evaluation is carried out only over the reference line or surface with the layering 
contributions being evaluated during the material properties evaluation, which is 
performed only once at each integration point. 
The second option is chosen for this investigation as it provides more 
economical solutions than the first approach, and it is easier to implement this 
12 
concept in a general finite element code. This approach has been used successfully 
by many other researchers such as those in references [55], [39], [48] , and [42], 
among others. 
In general, two actions are expected from a material model in a finite element 
context. The first is the evaluation of the current material constitutive matrices, 
and the second is the evaluation of the current state of stress corresponding to a 
given increment of strain from an initial strain value. In the next sections, the 
general procedures employed to evaluate these two aspects are described for the 
case of a shell. For the case of a beam, the procedure is basically identical, but 
using one dimensional rather than two dimensional expressions. 
2.4.1. Material properties evaluation 
When material nonlinearity is present, it may be observed after working with 
Eqs. (2.20), that by redefining the stress and strain resultants in a different form, 
the constitutive matrix is independent of the element's geometric properties. This 
is convenient to uncouple the implementation of the material model from that of 
the finite element and it is the procedure used here. The redefined stress and strain 
resultants are given in pairs as follows: 
G Nx, EX) G Nxy , Yxy) Extension 
G Ny, Ey) G Qx, Yxz) Shear 
G Qy, Yyz) (2.22) 
(~ Mx. t KX) 2 
Flexure (~ M t . Kxy) } Torsion (~ My. t Ky) t2 xy' 2 2 
Let Zi be the normal distance from the middle surface to any point in the shell. 
For numerical implementation it is convenient to use normalized coordinates with 
respect to one half of the thickness of the elements: 
f 
1 
1 
[ 
1 
r 
J 
1 
, 
.-
1 
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, for -l:5i$;l (2.23) 
The element section can be divided in layers as shown in Figure 2.4. The 
thickness of one layer tj is given by the difference in coordinates of its extremes. 
On normalizing by one half of the element thickness, the layer thickness is given 
as: 
tj = 2~' where ti = Zi+1 - Zi 
t 
(2.24) 
The normalized stress resultants are computed from the sum of the 
contribution of the layers as: 
i = layers 
Pa = I Pai (2.25) 
i = 1 
where Pa is any of the components of the generalized stress resultant vector . 
The contribution from one layer to the normalized stress resultants is obtained 
by assuming a constant stress distribution through the" layer in this case, then 
integrating the Eqs. (2.20) from Zi to Zi+1 and finally giving the form of the 
resultants as shown in Eqs. (2.22). The contribution from one layer can be 
summarized as: 
NXi = aXj t i 
NYi = aYi ti 
N XYi = aXYi ii 
(2.26) 
MXi = aXi ti i 1 i+-
2 
MYi = aYi ii i 1 i+-
2 
MXYi = aXYi ti i 1 i+-
2 
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It must be noted that the layers do not contribute to the out of plane shear. The 
stiffness against this out of plane shear is considered a property of the whole 
section. 
In . order to obtain an expression for the constitutive matrix relating the 
resultants, knowledge of the strain state at each layer as a function of the strains 
and curvatures at the reference surface is needed. These relations are given by: 
(txr - t xrO) 
t t 0) 
tXi = + Zi (2 Kxr 2"xr 
(tYr - tYrO) 
t t 0) 
tYi + ii (2 KYr 2 ICYr 
(2.27) 
where the subscript r represents the value at the reference surface, and the 
superscript 0 indicates stress independent strains. The strains in a layer, as 
computed by Eqs. (2.27), represent only the mechanical strains acting on that 
layer. 
Now the strains can be introduced in the stress resultant Eqs. (2.26) by using 
the layer stress-strain relations, which in a general form are written as: 
for layer i (2.28) 
The resultant stress-resultant strain contribution from one layer is finally 
expressed as: 
2 
-Nx· I EXr t 1 
I 
2 I 
-Ny. I tYr t l ti Ci I t- i 1 Ci 
I 
1 
i+-
2 I 2 
-Nxy · I YXYr t 1 I (2.29) 
4 -------T-------I t Z-Mx· -;:; "xr 
... l I L I I I k 
4 Ci 
I 
i 2 Ci t [iMYi ti i 1 I ti 1 
'2 ICYr i+- I i+-2 
I 
2 
4 I t 
[iMxYi I - 2ICxYr 2 
[ 
r 
I 
r 
! 
I 
I 
1 
J 
J 
t , 
1 
1 
J 
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or 
(2.30) 
which has a form similar to that of Eq. (2.8). Eqs. (2.29) are expressed in 
incremental form by just substituting the terms in the vectors for incremental 
quantities, and by changing the C,. matrix for the corresponding incremental 
matrix .. 
2.4.2. Shell relationships 
The specific relations corresponding to the layered approach for reinforced 
concrete shells are given in this section. Reinforced concrete is formed by two 
types of materials, concrete and steel, and each one has its own set of governing 
expressions. 
For steel, consider each layer as formed by the bars oriented in a certain 
direction with respect to the local element coordinate system. The layer thickness 
t,. , and the thickness normalized by half of the element thickness i,. , are given in 
this case as: 
and (2.31) 
where Qj is the ratio of steel area for layer i with r.espect to the concrete area 
defined by the thickness of the element and a unit width. 
The stress-strain relationship for the steel layer is a one dimensional relation 
defined in the direction of the bars or material coordinate system: 
o'X" ;;;; Es f.' X· I 1 a' '\]. = a' xv· = 0 J I .. ,z (2.32) 
where Ej represents the tangential modulus of elasticity of the steel. Eqs. (2.32) 
are defined for the elastic case, but they are expanded to the elastic-plastic case by 
using the rate of stress and strain, and the appropriate incremental modulus. 
In order to define the stress-strain relations in the element local coordinate 
system, a transformation is applied to the Eq .. (2.32). The transformation matrix 
T defines the strain transformation from local to material coordinate systems. 
Applying T to the one dimensional relation, the layer constitutive relation is 
written as: 
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or (2.33) 
and finally, the contribution to the constitutive matrix for layer i is given by: 
[ 2QiC i 2Qi lC ] l. 1 It-
Dsteeli = 
2 (2.34) 
2Q·i I C· 2Q·i2 IC, I. I l. I 
It- I+-
2 2 
The stress resultants for steel layer i are given as follows: 
NXi = 2Qiaxi MXi = 2Qii. lax· 
zt- I 
2 
NYi = 2QiaYi MYi = 2(2ii. lay. (2.35) zt- I 
2 
N XYi 2Qia XYi M XYi = 2Qii. laxy ' It- I 
2 
The concrete section is divided in nlay layers of equal thickness each one; 
therefore the thickness of one layer tc , and the normalized thickness of one layer 
ic are expressed as: 
t 
nlay 
and 
2 
nlay 
(2.36) 
In the case of concrete, the layer stress-strain relations are given in the local 
coordinate system by: 
(2.37) 
Using these expressIons, the contribution to the constitutive matrix for a 
concrete layer is written as: 
f. ieCi iei. I Ci 1 It-Deonci 2 (2.38) = l tei. I C i icz2 . 1 Ci J It- I+-2 2 
f 
t. 
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and the contribution to the stress resultants is obtained as: 
NXi = iCaXi MXi = tc;i 1 ax· it- I 
2 
NYi = tcaYi MYi = iei. lay. (2.39) It- 1 
2 
NXYi = iCaXYi MXYi = tc;i laxy · it- I 
2 
As it was mentioned above, the out of plane shear relations are considered as 
global relations for the element section. The expressions for these stress-strain 
resultants are given by: 
fi(l + v) Yxz and 
(2.40) 
where f3 is a shear correction factor accounting for the element cross sectional 
shape, v is the poisson ratio, and Ec is the concrete modulus of elasticity. The 
shear resultants are as defined in Eq. (2.22). 
2.4.3. Beam relationships 
The beam relations are found in a similar form as those for the shell case, with 
the difference that the dimensionality is reduced. In addition, for beam with 
nonlinear material, which is the case considered here, only three stress resultants 
are active: the axial force, moment with respect to the principal axis of inertia, and 
shear in the direction of the minor axis of inertia. This is a reasonable assumption 
when the beams are used as stiffeners for plates or shells. 
For a steel layer in a beam, the thickness, and the normalized thickness are 
obtained with Eqs. (2.31), just as in the shell case. The contribution to the resultant 
stress-resultant strain relation for steel layer i is now written as: 
2 2QiEsi 2QiZ. 1Es· 
-Nx · It- I t I 2 
= 
4 2QiZ. 1Es· 2QiZ2 . 1Es· tzMYi It- I l+-- I 2 2 
(2.41) 
and the contribution to the stress resultants is 
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(2.42) 
For the concrete, the thickness of one layer is given by Eqs. (2.36), and the 
contribution to the resultant stress-resultant strain relations is given by: 
2 ieEe· tei. lEe' 
-Nx · I I+- I tXr t I 2 (2.43) 
= 
4 iei lEe· • 2 t tei lEe' 
[iMYi i+- I i+- I 2 KYr 2 2 
The concrete layer contribution to the stress resultants is now expressed as: 
(2.44) 
Finally, the global shear term is written as: 
Ec fJ Yxz (2.45) 
2.5. Analysis procedure 
The procedure used for the analysis in this investigation is based on the 
divis.ion of the problem in a time dependent and a time independent parts. 
The procedure is similar to the one devised by Kabir [45], and it seems an 
adequate procedure for this kind of problems. This procedure can be described as 
follows: 
a) The first step consists in the determination of the material properties. This 
is an extremely important step because the accuracy of the results depends 
entirely on it. Due to the nature of the creep and shrinkage properties which 
have large variations, it is necessary to represent the properties of the 
material utilized as close as possible. The measurement of index quantities 
in control specimens yields valuable information which must be used if 
available. When no information on the material characteristics is available, 
it is not possible to obtain but a rough estimate of the real behavior. 
Finally, after the properties are determined, the required finite element 
parameters can be obtained from there, specifically the relaxation spectra. 
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This point will be further described when the material modeling is 
explained. 
b) The models for the geometry and loads are developed. 
c) The dead load is applied. This step may involve a nonlinear procedure due 
to the nonlinear stress-strain relations of concrete, and especially due to the 
appearance of some cracking in the structure. This step follows the 
procedures normally used for nonlinear analysis. 
d) Time dependent analysis begins . 
e) Take a time step. The material properties are defined and fixed for this time 
step at the half time of the step, using a logarithmic scale in time. The 
inelastic strains due to creep and shrinkage for this time step are computed. 
f) The inelastic deformations are treated as initial generalized strains and 
transformed into equivalent generalized loads . 
g) The structure is analyzed with the equivalent generalized loads. An iterative 
procedure is followed until equilibrium is obtained. 
h) If another time step is required, the procedure goes back to step e) and the 
procedure is repeated for as many time steps as needed. If it is desired to 
evaluate the capacity of the structure at the end of a given time step the 
procedure goes to the next step; otherwise, it stops here. 
i) For the evaluation of the capacity at the end of a certain time step, the 
material properties are updated for that time, and with the properties so 
defined, and with the current state of deformation and stress in the 
structure, a normal nonlinear analysis may be carried on. 
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CHAPTER 3. 
FINITE ELEMENTS 
3.1. Introduction 
In this chapter, a general description of the finite elements used in the analysis 
is presented. This presentation is not an exhaustive one, as many good references 
on this topic exist. 
A shell and a beam element are needed to model normal shell structures with 
stiffeners. The shell element used here is a nine noded Lagrangian, and the beam 
element is a three noded Lagrangian. These elements have been chosen for a num-
ber of reasons, among them, the desire to maintain the compatibility in the shell-
beam connection. 
3.2. Nine noded Lagrangian shell 
Two common approaches are used to formulate shell elements. In the first 
one, classical shell theories are used to obtain the equilibrium equations. In the 
second, the three dimensional continuum theory is reduced to a shell theory during 
the finite element formulation. 
The first approach posses several inconveniences. The most troublesome are 
the use of higher order derivatives as degrees of freedom in the elements, and that 
analytical expressions must be used to define the geometry. In addition, these 
elements are usually based in the Kirchhoff assumption of zero transverse shear 
strain, and in consequence, these elements are usually applicable to thin shells 
only. Moreover, the derivation of the governing equations is complicated and leads 
to many alternative different forms depending on the approximations introduced 
[28]. From the practical point of view this is not a very convenient approach. 
The second approach is the most commonly used at present. The elements 
formulated following this approach are known as degenerated elements. The devel-
opment of this type of elements and their use in material and geometric non 1-
inearities is found in several references [55], [43], [62]. Some of the advantages of 
these elements are that no specific shell theory is needed, and that the geometry 
and displacement fields are discretized and interpolated during the finite element 
formulation, with the compatibility conditions between members satisfied directly. 
In addition, as the shear deformation modes are retained, these elements may 
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model thick or thin shell problems. Moreover, the geometric modeling capabilities 
of these elements are flexible as very general boundaries may be modeled using 
coordinate interpolations through the nodes. The expensive computations required 
for these elements, can be reduced by using explicit integration through the thick-
ness of the element. This approach is also very convenient to deal with material 
nonlinearities when the layering concept is introduced together with the concept of 
stress and strain resultants [55], [39]. 
For this investigation, a nine noded Lagrangian element based on the degener-
ate approach has been chosen. The element used was originally formulated and 
implemented by Milford [48] in the general finite element program FINITE [47], 
where it is given the name QLSHELL. The shell element is a Mindlin type element 
restricted in its applications to thin to moderately thick shell problems due to the 
use of explicit integration through the thickness. Both material and geometric nonl-
inearities are supported by this element. The geometric nonlinear implementation 
follows a total Lagrangian approach, while the material nonlinearity is introduced 
through the layering concept [39]. Stress and strain resultants are used at each 
integration point. The positive sign convention for the resultants is presented in 
Figure 3.1. 
The Lagrangian elements have some advantages over serendipity shell ele-
ments; among them, usually Lagrangian elements are more accurate, especially 
with geometry distortions such as corner angles differing from 90 degrees, for 
curved boundaries, and for non square elements. In general, the nine noded Lagra-
ngian is considered to be one of the most efficient elements [54]. 
The use of degenerated elements; however, brings some new problems such as 
the shear and membrane locking when full integration is used for thin shells. To 
remedy this, either full or partial reduced integration is used, but this practice 
introduces rank deficiency in the element. By employing full reduced integration, 
seven zero energy modes are introduced in the nine noded Lagrangian element 
[48]. This deficiency is overcome by fully integrating some of the elements or by 
superimposing some fully integrated linear elastic elements with a reduced 
modulus of elasticity. The element to be fully integrated must be chosen with care, 
trying to locate them in the regions where steep gradients of stress do not occur. 
Reinforced concrete shells are limited with respect to their minimum thickness 
by the amount of reinforcement, minimum concrete cover required, and minimum 
dimensions needed for placement and vibration of the concrete. For these reasons, 
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reinforced concrete shells are really not very thin, and the locking phenomenon 'is 
not a critical one; however, the use of reduced integration is still recommended in 
order to obtain more economical solutions. 
3.3. Three noded Lagrangian beam 
A beam element is required in order to model the members stiffening the 
shell. A desired characteristic of a stiffener element is the possibility to model the 
eccentricity with respect to the shell. A family of elements developed to function as 
stiffeners have been introduced by Jirousek [44], and Bouberg and Jirousek [22]. 
These elements model linear material applications, and the eccentricity from the 
shell is modeled by transforming the displacements from the shell nodes to the 
beam centroidal nodes. 
The element as used in this research, was formulated and implemented by 
Milford [48] in the finite element program FINITE [47], where it receives the name 
QLBEM1. The element is a Timoshenko type beam element whose basic formula-
tion follows the approach proposed by Jirousek [44], but it is extended to support 
geometric and material nonlinearities. The geometric nonlinearity is formulated 
using a total Lagrangian approach, while material nonlinearity is introduced using 
the layering concept and the stress and strain resultants definition. This element 
models the stiffener eccentricity with respect to the shell and is fully compatible 
with the nine noded Lagrangian shell element. The positive direction of the stress 
resultants at an integration point is presented in Figure 3.2. 
When material nonlinearity is considered, the element is assumed to provide 
resistance only around the principal moment of inertia. Lateral and torsional stiff-
ness are neglected. and the shear is considered elastic through all the stages of the 
material. This assumptions are considered appropriate when the beam is used as a 
stiffener in a shell. 
For gable roof systems; however, it is found that the edge beams require bend-
ing about the weak axis and torsional stiffness in order to avoid numerical insta-
bilities when cracking appears in the beams. This problem is overcome by super-
imposing elastic beams with stiffness only about the weak axis and torsional stiff-
ness. This procedure is considered not to affect the response of the structure as the 
bending about the strong axis, which is the one modeling the material nonlinearity, 
is the dominant effect in the behavior. 
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CHAPTER 4. 
MATERIAL MODELING 
4.1. Introduction 
So far, generalized stress-strain relationships have been used in the general 
formulation to introduce the material properties into the finite element formula-
tion. These generalized relations, as was explained above, are assembled from the 
contribution from each of the layers in which the element is assumed to be divided. 
Each layer has its own properties and relations, and it is the purpose of this chap-
ter to explain, from a general perspective, all the different models used in this 
investigation to represent the behavior of one layer, whether it is made of concrete 
or steel. 
Two different models are used to represent the complete behavior of rein-
forced concrete. A time independent model is used to investigate the behavior of 
the material from the elastic range up to the failure state including the non-
linearities of the concrete in compression, and the very important nonlinearities 
due to cracking and the interaction between steel and concrete. The second model 
is a time dependent model, which is coupled with the time independent one, and is 
used to study the inelastic deformations of creep and shrinkage and their effects on 
reinforced concrete structures. 
In this chapter, the important issue of the determination of the material prop-
erties is discussed in detail. This is a very important point for the accurate predic-
tion of the behavior of a structure. 
4.2. Time independent model 
In these models, the material properties are fixed at a certain time, and remain 
constant during this type of analysis. The time independent models for both steel 
and concrete as implemented for shell and beam elements are described in this 
section. 
For concrete, the time independent behavior is divided in three general sec-
tions: 
a) A nearly reversible behavior before yielding. This behavior is approximated 
well by an elastic model. 
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~) An irreversible behavior due to stable microcracking after initial yielding 
but before failure. A strain hardening model based on a classical theory of 
plasticity is used in this investigation to model this behavior. 
c) Failure of the material and post-failure behavior. Cracking and crushing 
models are used here to represent this behavior. 
For steel only two regions of behavior are defined, one is an elastic region, and 
the second is an elasto-plastic region with linear strain hardening. These models 
are considered adequate to model the behavior of reinforcing steel bars. 
The material models for concrete and steel are described independently, as an 
individual layer is considered to be formed by only one material. The contribution 
of one layer to the properties of the composite element has already been described 
in chapter 2. 
A material model is required to perform two tasks. The first is to compute the 
current stiffness matrix, which in the present case is considered to be the tangent 
stiffness matrix. The second task is the evaluation of the current state of stress 
given the current state of the material properties, current strain, and the increment 
of strain for the present iteration. In what follows, a description of the models used 
in this investigation to model the behavior of one independent layer is presented. 
4.2.1. Shell model 
A single layer in a shell element is considered to be in a two dimensional plane 
stress state. Detailed information on different models which have been used to 
represent these conditions are found in the report of the ASCE [2]. The models 
used in the present case for concrete and steel are now described. 
4.2.1.1. Concrete, elastic and plastic 
During the first stage of behavior, the concrete may be modeled accurately as 
an elastic material using plane stress conditions [68], [28]. 
In the theory of plasticity, a yield surface in stress space is defined. When the 
stress state falls outside the yield surface, the elastic relations are no longer 
enough to represent the behavior, and elasto-plastic relations are used to model 
the material. The model used in this research is an elasto-plastic model with iso-
tropic hardening following the normality flow rule. An excellent book on the theory 
of plasticity applied to reinforced concrete is given in reference [26]. 
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The specific functions and characteristics of the model implemented here are 
described below. 
4.~.1.1.1. Yield criterion 
A simple modified version of the Von Mises yield criterion has been found to 
give a good representation of concrete behavior under uniaxial, biaxial, and tri-
axial conditions [57]. The form of the modified Mises function is given by: 
(4.1.) 
where X is a parameter with value one when all three principal stresses are com-
pressive, and zero otherwise. r is a hardening parameter, 12 and am are the sec-
ond deviatoric stress invariant, and the mean stress respectively, and f c is the 
magnitude of the compressive strength of the concrete. 
4.2.1.1.2. Effective stress, equivalent plastic strain 
The yield function given by Eq. (4.1.), is a measure of the current state of 
stress. In the uniaxial compressive stress state, the hardening parameter r takes 
the value of the compressive stress. This parameter r is defined to be the effective 
stress. 
The equivalent plastic strain fp, is a parameter which represents the multidi-
mensional state of strain. In this investigation, it is arbitrarily defined as: 
1 
dfp = (df~j df~)2 (4.2.) 
4.2.1.1.3. Hardening function 
From a uniaxial load test, a plot of the effective stress-plastic strain curve may 
bt: obtained. The slope of this curve is defined as the hardening modulus, which is 
used in the constitutive relations of plasticity to represent the current stiffness of 
the material [26]. Saha [57], by plotting the effective stress as defined by the 
modified Mises relation, and equivalent plastic strain data from multiple tests, 
found that a single curve could represent the behavior of all these tests quite well. 
By normalizing the effective stress with respect to the concrete strength, it is possi-
ble to represent harde'ning for different concrete mixes. 
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By using regression analysis, a simple expression for the hardening function is 
obtained as: 
r 
= 1.0 - O. 73e-2650fp 
Ie 
From (4.3.), the hardening modulus H is determined as: 
H = = 19351 cE-2650Ep 
4.2.1.1.4. Additional features 
(4.3.) 
(4.4.) 
Several special characteristics of the material model as implemented in this 
research are presented in this section. 
The stress updating algorithm is based on a generalized mid-point rule, simi-
lar to the one presented in reference [53]. During the -computation of the examples 
and the parametric studies; however, the parameter controlling the algorithm was 
set to work like an elastic predictor algorithm. 
For the evaluation of the current tangential stiffness matrix, a consistent stiff-
ness approach, similar to the one proposed by Simo, and Taylor [61], has been 
implemented. This approach increases the convergence even for relatively large 
steps. In order to use this method, the first estimate of the stiffness matrix for a 
load step must be a continuum stiffness matrix, which is based on the theory of 
plasticity. The subsequent updates must be based on: 
dfJ 
Deans = dE (4.5.) 
where a is the stress evaluated using a specific algorithm. In our case, this algo-
rithm is the generalized mid-point rule. 
In order to effectively increase the convergence using the consistent stiffness 
matrix, the stress evaluation algorithm "must be integrated using an independent 
path approach [61], [31]. This approach consists of taking the strain increment for 
the current iteration as the total strain increment from the last equilibrium position 
found in the last step. Use of a path dependent approach, which consists of taking 
the strain increment as that for the current iteration only, with a consistent stiff-
ness matrix algorithm will severely deteriorate the convergence, and therefore it 
should be avoided. 
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In order to enforce the plane stress conditions In a layer during the stress 
integration algorithm, an iterative scheme is used [31]. The equations for an 
axisymmetric case are utilized and the plasticity integration is performed for the 
current subincrement of strain. After integration the stress value in the normal 
direction to the plane is checked. If the stress value is zero within a range, a plane 
stress condition is attained and we can proceed to the next integration subincre-
ment or next iteration; otherwise, a new estimate of the strain increment in the 
normal direction is given and the integration for this subincrement is repeated until 
the normal stress is practically zero. 
During the plasticity integration, a precise evaluation of the effective stress and 
equivalent plastic strain for the current state of strain is required. The stress state 
must lie on the current yield surface, and from the evaluation of the yield surface 
for the current state of stress, an estimate of the effective stress satisfying this 
condition is obtained. By evaluating the increment of equivalent plastic strain due 
to the current increment of strain, the current value of the total equivalent plastic 
strain is obtained. With this value, and using the user supplied hardening function, 
a second estimate of the effective stress is obtained. The two estimated values of 
effective stress must be the same within a certain range if the plasticity integration 
is to be accurate. The procedure implemented in this ca'se consists in bracketing 
the intersection of the two curves, and then by using a bisection algorithm, find the 
correct increment of equivalent plastic strain. A sketch showing the two curves, 
and the required values at the intersection is observed in Figure 4.1. 
4.2.1.2. Steel, elastic and plastic 
A steel layer is formed by a set of reinforcing bars which are oriented in a 
certain direction with respect to the local element coordinate system. A reinforcing 
bar is assumed to be working practically as a one dimensional material, and as 
such, one dimensional elastic and plastic relations can be used in the direction of 
the rebars. The reinforcement direction indicates the position of the material coor-
dinate system. One dimensional isotropic elasto-plastic relations, with linear strain 
hardening can be found in several books [68], [40], and are not repeated here. 
In order to implement this one dimensional model into the layered shell formu-
lation, the relations in material coordinates are rotated to the local element system, 
expanding from one to two dimensions the relations. Once expanded, the proper-
ties can be implemented in the layered approach as explained in section 2.4.2. 
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4.2.1.3. Failure criterion 
A failure function in stress space can be defined to delineate the region where 
the elasto-plastic relationships are useful. Several criteria exist [26], which may be 
used for this purpose. In this investigation the four parameter model proposed by 
Hsieh, Ting, and Chen [41] is chosen. 
The general shape of this surface in stress space is shown in Figure 4.2. The 
meridians are formed by quadratic parabolas, and the trace on the deviatoric plane 
is formed by an interpolation of a circular and a triangular trace. As a function of 
the stress invariants, this surface is expressed as: 
(4.6.) 
where 11 is the first stress invariant, 12 and 13 is the second and third invariants of 
the deviatoric stresses, and 01 is the maximum principal stress, which is defined 
by 
2 
+ j31Tz Case (4.7.) 
where e is an angle in the deviatoric plane defined as: 
Cos3e = 3 j3 ~ 
2 ~ (4.8.) 
122 
The values of the parameters A, B, C, and D in Eq. (4.6.) are adjusted to fit 
experimental data. The values for these parameters are obtained from four tests: 
1) Uniaxial tension: 
2) Uniaxial compression: 01 = 02 = 0 
3) Biaxial compression: 
4) C f · d b' . I . 01 = 02 = - C4 Ie on Ine laxla compressIon: 
In these expressions 01, 02, and 03 represent the principal stresses. A common 
set of experimental data is that by Kupfer, Hilsdorf, and Rusch [46], for which the 
tests give the values: 
Cs = 4.2 (4.9.) 
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Using these coefficients, the parameters for Eq. (4.6.) result in: 
A = 2.0108 B = 0.9714 C==9.1412 D == 0.2312 (4.10.) 
The excellent fitting for this set of data may be observed in references [26], 
and [41]. During implementation, the experimental coefficients may be varied, so 
that a new set of parameters may be obtained in order to better represent a differ-
ent concrete mix. 
4.2.1.4. Post-failure behavior 
Different models for post-failure behavior are presented in references [2], and 
[26]. Especially reference [2] represents an excellent state of the art report as of 
1982. In this section, the general description of the model implemented in this 
work is explained. 
Once the current state of stress falls beyond the failure surface, the material is 
considered to have failed, and its response against loading is completely changed. 
The expressions used to represent the behavior at this stage are independent and 
not continuous with those regulating the behavior during the elasto-plastic range. 
This lack of continuity in the formulation may be undesirable; however, the re-
sponse is still well predicted by this approach, as may be observed during the 
material evaluation problems in the next chapter. 
The failure criterion is a stress criterion, and once the failure is determined, 
the principal stresses are used to determine the type of failure occurring. If both 
principal stresses are compressive, crushing of the concrete is assumed to occur. If 
at least one principal stress is positive, then cracking is present. 
When crushing occurs, the material is assumed to loose all its strength, and as 
a consequence the stiffness matrix at that integration point drops to zero. The 
stress level that the material is sustaining up to that moment is released and redis-
tributed to the adjacent material with no possibility of that region taking any fur-
ther load. 
- If one or both of the principal stresses are positive then a crack opens normal 
to the direction of the maximum principal strain. The material stiffness normal to 
the direction of the crack is assumed to be null and the stress in this direction is 
partially released. The stress is released slowly accordingly to a tension stiffening 
function, which is due- to the interaction between steel and concrete. In the direc-
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tion parallel to the crack, the material still has strength, and it is assumed to be 
working as a one dimensional material at that point. 
After an initial crack has formed, the material in the direction parallel to the 
crack is still supporting loading, and it may occur that the maximum tensile stress 
be reached with the consequent formation of a second crack. This second crack 
will then be normal to the first one. In this implementation, secondary cracks are 
constrained to be orthogonal to the initial cracks. The stiffness at a point with a 
double crack is lost completely, and the capability to further sustain load is due 
only to the tension stiffening functions acting normal to the cracks. 
4.2.1.4.1. Additional features 
Some of the special characteristics of the model actually implemented are dis-
cussed in this section. 
A smeared crack model is used, in which the concrete over a region IS as-
sumed to be all cracked in the same direction. The crack direction is not fixed after 
it forms, but it is assumed to be rotating, as the stresses are redistributed, normal 
to the principal strain direction. Actually, the cracks do not rotate, but some cracks 
open initially in one direction and as the stresses are redistributed, new cracks 
form at an angle from the initial ones. The former cracks may still be open or may 
close. This sequence of cracks opening and closing is repeated until the·· stress is 
totally redistributed. The rotating crack assumption models the current crack direc-
tion which in an average sense is present over a region [65]. Being the rotating 
crack assumption an average property over a region, it is compatible with the 
smeared crack model. Furthermore, the rotating crack model can truly simulate the 
response of concrete panels with symmetrical or unsymmetrical reinforcement af-
ter cracking occurs, and in addition it can represent the final limit states observed 
in tests. The rotating crack concept was initially introduced by Cope, and Rao [29], 
and later formulated by Gupta, and Akbar [38], who introduced the changes in the 
stiffness matrix due to the rotating crack. Several researchers have used the rotat-
ing crack -algorithm, and compared its results with those for a fixed crack [48], 
r 421 _ The rotatinQ crack model consistently yields better results than the fixed L --J - ---- ~ - -
crack model for panels, consequently it is chosen for use in this investigation. 
The crack direction is updated at the beginning of every iteration, with the 
crack opening normal to the current principal strain direction. In order to avoid 
convergence problems, if after seven iterations convergence does not occur, the 
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current direction of the crack is temporarily fixed. This procedure accelerates the 
convergence and still yields the correct limit states and solution. 
If the crack closes as the load increases, the material is considered to heal 
completely and behave as an unfailed material again. It has been observed that 
after a period of time when cracks close under constant load, the cement paste 
actually heals the crack, and this is the reason for using this approach [10]. This 
healing may be considered as a nonlinear creep component [10]; however, the 
approach followed here is a simpler or even crude form of considering this effect 
while still using a linear creep model. 
The bond between steel and concrete is assumed to be perfect during this 
study. This approximation is not expected to be of major importance in the type of 
problems considered. 
The tension stiffening function which is used here to release slowly the stress 
in the direction perpendicular to the crack is due to Bhide, and Collins [21]. The 
tension stiffening tries to account in an average sense for the tensile stresses which 
are present in the concrete in a cracked zone in between the cracks. The specific 
model chosen here is: 
fr = 
1 + 1000~ 
a 
(4.11.) 
where It is the remaining tensile strength in the concrete normal to the crack, £1 is 
the principal tensile strain which is also normal to the crack in this case, and a is 
a coefficient which in an empirical form tries to account for the influence of the 
angle existing between the main steel reinforcement and the crack direction . 
The coefficient a is expressed as: 
_ (90)1.5 a- -
e 
(4.12.) 
where e is the angle from the main steel reinforcement to the crack direction, 
being positive in the counterclockwise direction. Physically this expression tries to 
evaluate the increase in tension stiffening as the crack angle approaches the steel 
direction, due to the action of interface shear over the crack faces. 
Care must be used so that tension stiffening does not artificially stiffen the 
material when the steel is yielding. After the steel yields, the tension stiffening 
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rapidly decreases to zero. In order to model this behavior, a limit value is imposed 
on the tension stiffening. This limiting value implies that the tensile stress in the 
concrete at the cracked section cannot be larger than the yield stress [65]. 
Iri the direction parallel to the crack, one dimensional relations are assumed to 
govern the behavior. The one dimensional tensile strength is unaffected by crack-
ing; however, the tensile strains perpendicular to the crack have been found to 
affect the compressive strength parallel to the crack [65]. This degrading effect 
due to the normal tensile strain is considered here as it was proposed by Vecchio, 
and Collins [66] with the following relationship for the concrete parallel to the 
crack: 
- [2 (~) (~)2J Ie - lemax £' e E' c (4.13.) 
where Ie is the compressive stress parallel to the crack, £2 is the compressive 
principal strain which in this case is parallel to the crack, E' e is the strain at which 
the maximum stress is obtained, and which in this case was given: 
E' e = _2 1e 
Ec 
( 4.14.) 
with f e standing for the nominal concrete cylinder strength, and Ec for the 
modulus of elasticity of concrete. 
The term Icmax gives the maximum stress value that can be reached in the 
direction parallel to the crack. As has been mentioned above, the principal tensile 
strain E 1, which is normal to the crack, degrades the nominal strength, which is 
given now as: 
0.8 - 0.34~ 
E' c 
~ 1.0 (4.15.) 
The material stiffness parallel to the crack is obtained by deriving Eq. (4.13.) 
with respect to the strain £2. 
4.2.2. Beam model 
A single layer in a beam element is considered to be in a state of one dimen-
sional stress and strain. The relations governing the behavior for both concrete 
and steel are presented in this section. Most of the relations and algorithms are the 
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same as those explained for the shell model but with a reduction in their dimen-
sionality from two to one. Some of the characteristics, especially those differing 
from the shell case, are presented below. 
4.2.2.1. Concrete, elastic and plastic 
The elastic region is modeled simply by one dimensional elastic relations. Be-
ing that this model was a predecessor of the shell model, a different algorithm was 
implemented for the plastic region. A tangential predictor with radial return proce-
dure was used to model the plastic region instead of the generalized mid-point 
rule . 
The tangent stiffness matrix is evaluated using only the continuum approach, 
and as a consequence, the path dependent strategy for stress integration is used. 
Although the algorithm is not as efficient as the one used for the multidimen-
sional case, it is estimated to give as good results as the other. 
The response for the one dimensional case is formed by an elastic part, which 
is governed by the concrete modulus of elasticity, and a plastic region, which is 
governed by the empirical hardening curve proposed by Saha [57], and which was 
used as the driving hardening function in the shell case. 
4.2.2.2. Steel, elastic and plastiC 
An isotropic elasto-plastic model with linear hardening is used to represent the 
behavior of the steel bars. The relations are the· same as in the shell case in the 
direction of the reinforcement. 
4.2.2.3. Failure criterion and post fracture behavior 
Being that this a one dimensional case, a failure surface in stress space is not 
defined. The failure criterion is simply stated by maximum values of stress and 
strain. Cracking is determined when the tensile stress exceeds the maximum ten-
sile strength, then the stiffness of the layer is reduced to zero and the stress is 
released following a tension stiffening curve. Crushing is defined when the com-
pressive strain reaches a maximum value, with both the stiffness and load resis-
tance reducing to zero. 
Finally, the tension stiffening functions implemented are of the linear, bilinear, 
and stepped type [58], [37]. The stepped model, which was proposed by Scanlon 
[58], was used in the e~amples and parametric studies, as it was observed to give a 
faster convergence rate and the same results as the linear models. 
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4.3. Time dependent models 
When trying to model a problem including creep and shrinkage, two independ-
ent aspects can be isolated. The first consists in how to model the material ade-
quately, so that the material is represented correctly. The second, assumes that a 
correct model is available, and starting from there, it is concerned with the repre-
sentation of this model in its application into a finite element procedure. Inherent 
in this phase are the modifications that are required in the finite element imple-
mentation. 
In the first part of this section, the issues of what models are used and how to 
correctly model a specific concrete are addressed. In the second part, the finite 
element model for time dependent effects is presented. Finally, a discussion of 
some practical aspects in the implementation of these concepts and on the solution 
of a real problem are presented. 
4.3.1. One dimensional models 
The exact mechanisms producing creep in concrete are still debated, and as a 
consequence, from the engineering mechanics point of view, a phenomenological 
theory has emerged providing the required expressions for the evaluation of creep 
effects in the design of structures. Such expressions vary in complexity according 
to the degree of accuracy required in their prediction. 
Different approaches to describe the constitutive relationships of concrete con-
sidering creep and shrinkage are available. The models derived by the American 
Concrete Institute [1], the model developed by Bazant, and Panula [9], and ex-
tended by Chern [17], and the model developed by Rusch and Junwirth [56] can be 
named among others. 
The ACI model [1], estimates deformation in time based on a product formu-
lation, and has the merit of being the simplest model that takes a great number of 
factors into account. The model by Rusch, and Junwirth [56], describes the defor-
mations in time based on a sum formulation. This model distinguishes between 
recoverable and irrecoverable deformations, and also considers a great number of 
parameters. This method forms the basis of the European model code and of the 
German prestressed concrete code. Finally, the model developed by Bazant, 
Panula, and Chern [9], [17], intends to provide high accuracy in its predictions. 
This model is based on a sum formulation, but neglects the existence of time 
recoverable deformations. This sophisticated model assumes that creep is decom-
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posed into basic ( constant humidity ), and drying components. It also considers a 
large number of parameters. 
In general, a model accepted by all the researchers is not existent, and much 
di"scussion about the advantages and disadvantages of the different models has 
been done [2], [50], [51], [14], and [15]. In this investigation; however, the model 
proposed by Bazant, Panula, and Chern, i.e. the BPC model, has been chosen, as 
in general it is considered to be the model with the highest accuracy when correctly 
used. 
Under a constant stress, the uniaxial stress-strain relationship is given as: 
(4.16.) 
where l(t,r*) is known as the compliance function, which is defined as the strain 
produced at time t by a unit stress applied at time (" E(t) is the strain at time t, 
aCto) is the stress applied at time t"', and EY (t) is stress independent strain produced 
by shrinkage at time t. 
An alternative relationship is: 
(4.17.) 
where R(t,r·) is known as the relaxation function, which is the stress at time t 
produced by an imposed unit strain at time t"'. 
Most of the current expressions for compliance or relaxation are linear rela-
tionships. This assumption implies that l(t,t*) and R(t,r*), are independent of the 
stress or strain states. This assumption is valid in concrete only for stress levels 
under 40 or 50 percent of the concrete strength. For extensions into the high stress 
region, some factors which consider the stress or strain level are introduced in the 
definition of the compliance or relaxation functions. 
The linearity assumption simplifies the problem when variable stress or strain 
conditions are considered as the principle of superposition can be applied. This 
principle states that the response of a structure to two different stress or strain 
histories is equal to the sum of the responses to each history taken separately. 
By applying the principle of superposition, Eqs. (4.16.), and (4.17.) can be 
generalized when subjected to variable strain or stress to the typical integral equa-
tions: 
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t 
ECt) J l(t,t") da(t-) + ° E Ct) (4.18.) 
° 
and 
t 
aCt) = J RCt,t-) [dE er -) - dEo Ct-)] (4.19.) 
0 
The conditions required for the validity of the principle of superposition are 
commented upon in the ASCE report [2], and are outlined here: 
1) The magnitude of the stress is in the service range, below approximately 
40% of the strength. 
2) Strains ( not stresses ) do not decrease in magnitude. 
3) The specimen undergoes no significant drying during creep. 
4) There is no large increase of the stress magnitude after the initial loading. 
The model chosen in this work is the BPC model, which represents the linear 
compliance function. In the next section, a detailed presentation of this model is 
gIven. 
4.3.1.1. BPC model 
This model was originally proposed by Bazant, and Panula [9] [2], and later 
modified for basic creep by Bazant, and Chern [1 7]. This method is intended to 
provide high accuracy in the prediction of creep and shrinkage. 
The creep model is based on a sum formulation, which implies that the final 
deformation is formed by the sum of contributions from different factors. This 
model assumes that creep can be divided in two components. The first is basic 
creep, or creep which is produced under constant humidity, and the second is 
drying creep, or creep which is produced when the humidity migrates to a drier 
environm.ent. 
4.3.1.1.1. Shrinkage 
The shrinkage model uses a hyperbolic law in time, and is written as: 
t = t - to (4.20.) 
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where Esh(t, to) is the shrinkage strain at time t for a drying time starting at to. 
The time is counted in days, and the shrinkage strains are positive while swelling 
strains are negative. 
The humidity dependence is: 
h ::; 0.98 
h = 1.0 
where h is the environmental relative humidity which ranges from 0 to 1. 
S (i) defines the square hyperbolic law in time: 
and the ultimate shrinkage is given by: 
fsh co 
E(7+600) 
E(tO+Tsh) 
In Eq. (4.22.) the size dependence Tsh is given by: 
[ J2 rref Ks \.....1 ish = 600 --D -e-150 1 (to) 
where the age dependence is given by: 
v D = 2- zn mm 
s 
, [ (6.3)+J C1(to) = C7 K T 0.05 + -t-
(4.21.) 
(4.22.) 
(4.23.) 
(4.24.) 
(4.25.) 
The additional terms used in the above expressions are now described. The 
temperature dependence is given by the temperature coefficient K'T. 
K'T = ~ exp[5000 - SOT 00] 
To To 
(4.26.) 
where T is the current temperature, and To is the reference temperature (23 0 C). 
Both T, and To are given in degrees kelvin. In the present case, the temperature 
variation is not considered, thus /(' T can be taken unity. 
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In Eq. (4.23.), the term E represents the modulus of elasticity at a given time 
t which is given in days. An approximate but practical relation to determine this 
value is given by: 
E(t) = E(28) j t 
4 + 0.85t 
(4.27.) 
The term relating the size dependence, ish is called the shrinkage square half 
time [9], D is the effective cross section thickness ( in mm ), v / s is the volume to 
surface ratio, C1 is the drying diffusivity of nearly saturated concrete at reference 
temperature, C7 is the value of C1 at 7 days, Esco is the final shrinkage strain 
which is positive if shrinkage occurs, and Ks is the shape factor. The reference 
values for the drying diffusivity and given values for the shape factor are: 
2 
cref 1 = 10 mm day 
( 4.28.) 
and 
1 infinite slab 
1.15 infinite cylinder 
Ks 1.25 infinite square prism (4.29.) 
1.30 sphere 
1.55 cube 
4.3.1.1.2. Shrinkage dependence on composition and strength 
Listed below is a set of empirical relationships which have been obtained with 
the purpose of evaluating the shrinkage parameters from the composition parame-
ters for a given concrete mix. 
The drying diffusivity at the seventh day: 
1 
8 
w 
-c - 12 
c 
if C7 < 7 set C7 = 7 
if C7 > 21 set C7 = 21 
The final shrinkage tsco (in 10-6 ) is given as: 
Esco = 1210 - 880y y = (390z- 4 + 1)-1 
(4.30.) 
(4.31.) 
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- 1 
z = [1.2S(;)+ + O.S(:TJ [1;~J3 fTc - 12 (4.32.) 
if z ~ 0, else z = 0 
In these expressions e is the cement content (in kg/m 3 ), w/e is the water-
cement ratio, ale is the aggregate-cement ratio, gle is the sand-cement ratio, 
and f c is the concrete strength at 28 days in ksi ( 1 Ksi = 6.895 N Imm2 ). 
4.3.1.1.3. Creep 
The compliance function in the BPC model IS evaluated as the contribution 
from three different components: 
(4.33.) 
where Cb(t. ta) gives the basic creep compliance or creep under no drying; 
Cdu , t a , to) gives the increase in creep due to drying, and CP(t. ta. to) gives the 
decrease in creep due to predrying which occurs after the drying process reaches a 
stable state. The time to represents the time when drying begins. The predrying 
term Cp may be omitted except when the sections are very small ( less than 10 
em ), or the temperature is elevated. 
4.3.1.1.4. Basic creep 
The expression describing basic creep is known also as the triple power law 
[17]. The basic equation at reference temperature is written as: 
C b • 
1 
CO(t. to) = - + (t. t ) Eo ( 4.34.) 
1 rh, (t .. -m + a) [(t _ ()n 1 ,~ B(t, = - + - t·; n)J Eo Eo 
where Co is the specific creep, Eo is the asymptotic modulus, and (' is the time 
( in days) at load application. The coefficients ¢1, n, a, and m, characterize 
the basic creep at reference temperature for load durations ranging from 
t - t" = 1 0-7 days ( dynamic range ), through the short time static load range 
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t - t* = 0.1 day and up to 50 years. Finally the term B(t, t*;n) , which represents 
the binomial integral is given as: 
t - t * 
B(t. to; n) = n f [l-C<~J ] ~n-I d~ 
~=o 
(4.35.) 
where the integral must be evaluated numerically [17]. 
It is a characteristic of the triple power law, that basic creep does not have a 
final value; however, for practical purposes the 50 year value may be considered as 
the final one. 
The conventional modulus of elasticity, as well as the dynamic modulus are 
functions of the age of the concrete, and may be obtained from the compliance 
equations by substituting the load duration t - t * by 0.1, and 10-7 days respec-
tively. For concrete in a sealed state: 
1 
Cb * (t+O.l, t) 
1 (4.36.) 
4.3.1.1.5. Basic creep dependence on composition and strength 
The dependence relations are expressed in terms of the composition of the 
concrete: 
x 
10 3n 
c/h=-----2 (28- m + a) 
0.025 1 
m = 0.28+-2 a= w Ie 
c 
{0.12+ 0.07X 6 for x > 0 
n = 5130+x6 
0.12 for x ~ 0 
~ a 2.1 U)1.4 + 0.1 if e) 1. 5 (;)+ (;J] al - 4 
{ 1.00 cement type 1 and 11 al 0.93 cement type 111 1.05 cement type IV 
(4.37.) 
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In Eqs. (4.37.) the meaning and units of the terms are the same as those given 
in the shrinkage section earlier. 
If a measured value of E is known, then a good estimate of the asymptotic 
value Eo may be obtained by substituting that value in the expression for the 
compliance at reference temperature, and solving for Eo: 
1 
-- - 1( - t-) E _ - t +o.}, 
(t ) 
(4.38.) 
When drying is not present, and E is evaluated at 28 days, then an approxi-
mate relationship may be written as: Eo = loSE. When no measured value is avail-
able, an empirical relation may be used: 
1 
Eo 
0.09 + 1 (4.39.) 
where Q is the unit mass of concrete in pef ( 1 pcJ = 16.03 kg/m 3 ), f c is the 
strength of concrete at 28 days in ksi ( 1 ksi = 6.895 N/mm2 ), and l/Eo is given 
in 10-6/psi ( = 145 x 10-6/ N/mm 2 ). 
4.3.1.1.6. Drying and predrying creep 
The changes in creep produced by drying at constant reference temperature 
are gIven as [9]: 
C - ¢' d t* ~ v'h c S d • - I\,. {..sh co dCt,t-) (t. t • to) Eo (4.40.) 
where fsit ~ is in 10-6 and positive for shrinkage. 
The predrying equation is written as: 
(4.41.) 
The time functions at reference temperature are given as: 
( 
10!sh)-fd n Sd _ = 1 +--
Ct, t ) t - t"' ' 
S = (1 + 100!sh)-n 
Pet, to) t-to 
(4.42.) 
Finally, the humidity dependence is expressed as: 
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1(' h = 1 - hI. 5 ( 4.43.) 
4.3.1.1.7. Drying and predrying dependence on compositio':1 and strength 
From experimental data, the following expressions are derived: 
tp = 0.83 Ed = 2.8 - 7.5n (4.44.) 
for r> 0 : 
¢d = 0.008 + 0.027u 1 U = -----,--:-1 + 0.7r-1. 4 
(4.45.) 
for r :::; 0 ¢d = 0.008 and: 
II g)' 1. 3l' W / C)1. 5 - - - 0.85 S tSa:::J (4.46.) 
where g/s is the gravel-sand ratio, s/a is the sand-aggregate ratio, €sco is the final 
shrinkage in 10-6 , and f c is the strength of concrete at 28 days in ksi. 
4.3.1.2. Adjusting the model to represent a specific material 
Any model, like the BPC in this case, which represents creep and shrinkage 
can be used to model the material behavior. The parameters controlling the re-
sponse predicted by the model are obtained from experimental work in order to 
correlate the average experimental valu~s with those predicted by the model. Al-
though the values or expressions for these parameters are a good estimate of their 
real value, they might be only a rough estimate when the problem is to represent a 
specific mix. In conclusion, the parameter expressions from composition should 
not be used unless there is lack of information on the material, which unfortu-
nately is usually the case. 
When some information is available it must be used to tune the parameters for 
that specific concrete. The usual information available to represent creep and 
shrinkage are compliance curves and shrinkage measurements on cubes or cylin-
ders. 
The procedure used in this work for the tuning process consisted in performing 
a minimum least squares optimization of the BPC expressions in order to best 
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represent a given set of experimental data. The parameters to be optimized are 
different for each problem. Several trials must be made in order to obtain the best 
fitting curve. 
In this investigation, a previous estimate for the parameters is obtained from 
the composition of the concrete if known, or alternatively from an assumed compo-
sition. For shrinkage, the parameters optimized are the final shrinkage Es 00 and 
the drying diffusivity at seven days C7• For basic creep, any or all of the parame-
ters Eo, qh, n, a, and m are optimized. For drying creep, shrinkage is opti-
mized first fixing Esoo and C7, and then the five parameters already described for 
basic creep plus ¢d, and Ed are optimized. 
4.3.2. Finite element implementation 
The implementation of the time dependent effects of creep and shrinkage into 
the finite element procedure is performed in a manner which is completely inde-
pendent of the type of model which was used to represent the material properties. 
The advantage of this approach is that any model may be used without modifying 
the finite element code. 
As mentioned above, Eqs. (4.18.), and (4.19.), respectively represent the com-
pliance and relaxation functions governing the behavior under variable stress or 
strain as a function of time. These equations are rewritten here for convenience: 
t 
E(t) = f J(t,t·) da(t*) + 0 E (t) (4.47.) 
0 
t 
aCt) = I R(t,t*) [ dEer*) - dEO Ct-)] (4.48.) 
0 
These expressions can be solved in two general ways: 
_ a) Linear solution dependent on time history. This approach consists on the 
numerical integration of the equations, which is inconvenient in finite ele= 
ment as vast amounts of computer memory are required in order to store 
the stress or strain history during the time range of interest. 
b) Linear solutions independent of time history. By approximating the in-
tegrand in Eqs: (4.47.) or (4.48.) by series representations, it is possible to 
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obtain a formulation which is independent of the history of stressor strain 
and which depends only on the last computed values. This is a convenient 
approach for large problems and very suitable for finite element analysis. 
Approach b) is chosen in this investigation to introduce creep effects. Shrink-
age is introduced in an easier form, as no need for integration is required. 
4.3.2.1. History independent linear solution for 1-D elasto-creep problems 
The relaxation expression from Eq. (4.48.) is chosen to introduce the time 
dependent effects of creep. 
The relaxation function R(t, t e ) is approximated by an exponential series ex-
pansion, or Dirichlet series: 
N 
R(t, te) = I Ep.«() exp [Yp.(te) - Yp.(t)] 
p.=1 
(4.49.) 
where Ep. and Yfl are functions of time. Eq. (4.49.) forms a degenerate kernel for 
the integral Eq. (4.48.) 
By substituting Eq. (4.49.) back into Eq. (4.48.), and by differentiation, the 
integral expression is transformed to a series of differential equations or rate type 
expressions: 
and 
N 
aCt) = I Ofl(t) 
fl=l 
(4.50.) 
( 4.51.) 
where the terms Ofl are called hidden stresses or partial stresses, which cannot be 
measured, but which represent the effect of past strain history. 
A phy_sical interpretation of these equations is obtained by using a rheological 
model to represent the material. A Maxwell chain model may be imagined as in 
Figure 4.3, where E*fl and YJfl represent respectively the elastic and viscous con-
stants for unit f.1 . Representing the stress rate by O'p. and the strain rate by Efl in 
the Jl th Maxwell unit, the compatibility equation for an increment of strain is 
written as: 
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and 
1 - e-!:l.Yllr 
l,ur+l = 
t!,. Y,ur 
(4.59.) 
tr 
Y,ur = 
T,u 
(4.60.) 
(4.61.) 
The incremental one dimensional stress-strain relationship expressed by Eq. 
(4.56.) is the constitutive relationship to be used in finite element procedure for the 
behavioral response of one layer of concrete. This model as it is, is used for the 
modeling of one layer in the beam element. In the case of the shell, a two dimen-
sional expansion of these equations is necessary, and this will be treated separately 
in another section below. 
As a final comment with respect to Eqs. (4.56.) to (4.61.), it may be observed 
that the coefficients E,ur and T,u are assumed to be known already. The determina-
tion of these coefficients involves the representation of relaxation values computed 
or evaluated for a specific material. More detailed comments on the determination 
of these parameters are presented below in section 4.3.3.1. 
4.3.2.2. 2-D expansion for elasto-creep problems 
The one dimensional relations just described above need to be expanded to 
describe a plane stress state, which is the assumed state for one layer in the shell 
element. An expansion to plane strain, axisymmetric, or tridimensional state may 
be done in exactly the same form, by using the appropriate expansion terms. 
There are two general ways to perform the expansion of the one dimensional 
model to the two dimensional one. The first consists in the separation of the rela-
tionships C 4.4 7.) or (4.48.) for the volumetric and deviatoric components of stress 
and strain [8], [12], and [2]. Considering the compliance Eq. (4.47.), the equations 
generated are similar but the compliance function is replaced by volumetric and 
deviatoric components: 
( 4.62.) 
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A second approach, which is more appealing from the finite element imple-
mentation point of view, is based on the assumption that the material behaves 
essentially isotropically, and by using the assumptions of linearity, the relations 
(4.47.), and (4.48.) may be generalized as [20]: 
t 
E ct) = f B J (t. ta) dO-(ta) + EOCt) (4.63.) 
° 
and 
t 
aCt) = f B-1 RCt.ta) [dECta) - dfO Ct-)] (4.64.) 
° 
In Eqs. (4.63.) and (4.64.), the matrix B is defined in a manner similar as that 
in theory of elasticity. In the present case, in order to extend the relations to the 
plane stress case, matrix B takes the form: 
( 4.65.) 
By giving to B the appropriate values, a general extension of Eqs. (4.63.) and 
(4.64.) to plane strain, axisymmetric, and tridimensional conditions is accom-
plished. 
Eqs. (4.63.), and (4.64.) depend only on two coefficients, one is the compli-
ance or relaxation function, and the other the poisson ratio v. The poisson ratio 
may be considered as a function of t and (; however, since no unique form for 
v exists, its value is considered constant in this work. 
Considering now, specifically the relaxation expression, an expanded two di-
mensional set of expressions similar to that presented in section 4.3.2.1. can be 
developed. A set of partial differential equations equivalent to Eqs. (4.50.) and 
(4.51.) is now [18]: 
and 
N 
aCt) = I afL(t) 
fL=l 
( 4.66.) 
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(4.67.) 
A numerical solution for these equations is performed in a manner similar to 
that described above, and the final incremental two dimensional algorithm, which 
is equivalent to Eqs. (4.56.) to (4.61.), may now be written as: 
A - E- B-1 (A - A -C' A -0 ) tia, =, tiE, - tiC , - tiE, (4.68.) 
where 
(4.69.) 
(4.70.) 
and 
1 - e-!:!.Yp., 
1,u'+1 = ~Y,u, 
(4.71.) 
t, 
Y,u, = 
1:,u 
(4.72.) 
(4.73.) 
4.3.2.3. Nonlinearity due to high stress level 
The linearity of the relationships given so far impose an upper limit for their 
applicability. The maximum stresses must be under a level of 40% of the concrete 
compressive strength for these relations to be valid. For moderately high stresses 
( up to 750/0 of compressive strength) the nonlinearity in creep may be accounted 
for by uSIng some amplification factors which depend on the stress level [19] .The 
creep strains are amplified in the direction of the principal strains only. 
The procedure employed consisted in finding the principal strain directions 
for the current strain level. With the stresses rotated to that direction, the amplifi-
cation factors, if needed, are evaluated using the components of the stress in the 
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direction of the principal strains. For the current time step, the initial strains due to 
linear creep are evaluated and then rotated to the principal strain direction. At this 
moment the amplification factors are applied if required and the amplified creep 
values are rotated back to the element local coordinate system. 
The amplification function in direction of the principal strain i is a function of 
the normal stress rotated to direction i: 
for aii < O.4f c 
for aii ;:: O.4f c (4.74.) 
with 
RCGii ) = 1 + 4.4 {I - [1 - (~TI } (4.75.) 
where 
(4.76.) 
4.3.2.4. Shrinkage representation 
In this investigation, the shrinkage model is passed to the finite element proce-
dure as a set of data consisting of one dimensional shrinkage strains and the times 
at which they occurred. Giving shrinkage data in this form allows the use of any 
model for shrinkage to be used or of experimental data if available. In this work 
the BPC model for shrinkage is used to generate the required points. 
For a one dimensional model, the shrinkage strain increment is determined by 
the initial and final times defining the time step. For each of these time values, the 
shrinkage strain is directly interpolated from the discrete set of data, and the incre-
ment is defined by the difference of those values as .6..£0. 
- For a higher dimensional problem, the shrinkage strain increment is deter-
mined in the same form as for the one dimensional case. Then the shrinkage strain 
is ~onsidered to be a hydrostatic strain, and the value LlEo is applied in all the 
normal directions. In the two dimensional plane stress case, the increment strain 
would be given in vector form as: 
50 
{M] ~fO ~E"0 (4.77.) 
0 
Shrinkage is a diffusion problem, and obviously, a large variation in shrinkage 
strains is expected as we travel from the surface into the concrete. Shrinkage is a 
complex problem which is dependent on the humidity distribution and deeply cou-
pled with creep and cracking of concrete. The approach taken in this investigation 
is a simplistic one as shrinkage is considered as a property of the section of the 
element. The assumption of the hydrostatic distribution of shrinkage strains is in 
accordance with this simplistic approach. 
More complex approaches are being proposed as the understanding of the 
effects of drying in concrete increase [19], [20], but this complicates the analysis 
in a considerable amount. The simplistic approach employed here pretends only to 
give a global estimate of the effects of drying on concrete structures. 
4.3.3. Practical aspects of the finite element implementation 
Material properties come into the finite element formulation during the evalu-
ation of the stiffness matrix and of the stress level for a certain state of strain. In 
this work, another aspect which must be included is the generation of initial strains 
due to creep and shrinkage as time evolves. These and some other practical as-
pects are discussed here. 
4.3.3.1. Evaluation of relaxation spectra 
A basic assumption in the development of the constitutive Eqs. (4.56.) to 
(4.61.) and Eqs. (4.68.) to (4.73.) h~s been that the relaxation function R(t, t*) can 
be approximated by Eq. (4.49.) By using this approximation the coefficients EPr 
and if'. are assumed to be known with the time t being the only parameter in the 
equation. The coefficients EPr and if'., together with a set of times defining the 
subindex r in Ef'.r, define what is called the relaxation spectra. All these values 
must be passed to the finite element program as input data. In the following, some 
practical commentaries on the evaluation of the relaxation spectra are presented. 
The relaxation spectra is nothing but a tridimensional representation of the 
time variation of the elastic constants Ef'.(t*). The time space is defined by two 
axes. One axis represents age times or the time after casting of the concrete at 
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which a constant strain is applied to the material, and the other axis represent 
duration times, or time elapsed after the initial straining has been applied. The 
duration times specifically enter into the formulation and are called relaxation 
times T:p.. 
When a time dependent analysis is desired, the time span in which the analysis 
is to be carried out must be defined from the beginning, as this time will define the 
time space which must be covered by the relaxation spectra. Both the age times 
and the relaxation times must be larger than the desired time span. 
In order to determine the coefficients Ep.r and T:p. in Eq. (4.49.), specific dis-
crete values of the relaxation function are required. These values must cover com-
pletely the time space of interest. Once these values are available, the values for 
the relaxation times are arbitrarily defined [12], [2]. Finally, the Ep.r values may 
be computed by employing a minimum least squares procedure to represent in the 
best po.ssible form the discrete relaxation values by means of Eq. (4.49.) ( Refs. 
[4], [7], [5], and [16] ). 
The discrete relaxation values required for the minimum least squares proce-
dure may be obtained in different forms. It might be possible to have experimental 
values, but this is a rare case, and in consequence we an;! usually forced to obtain 
these values from complia.~ce experimental values or from compliance expres-
sions. An efficient procedure following this approach consists in integrating the 
history dependent compliance relation (4.47.) in order to obtain the stress corre-
sponding to a specified history of strain increments (Refs. [7], [13], and [2] ).The 
relaxation is then simply evaluated by applying the basic definition: relaxation is 
the stress at time t due to a unit strain increment at time ('. During the applica-
tion of this algorithm, specific values of the compliance function 1(t,t") for certain 
time values are required. These values may be obtained from experimental compli-
ance values by log-log interpolation, or through the use of any of the compliance 
functions which have been proposed. In this case, the BPC model, which has been 
presented above, has been adopted for this end. 
-A computer program similar to the one presented in reference [13], has been 
implemented here with the objective of evaluating the relaxation spectra. 
4.3.3.2. Evaluation of current stiffness matrix 
The layered approach has already been discussed before in Chapter 2., where 
it was shown that the element stiffness matrix is composed by the properties of 
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each layer through the section. The issue here is how to introduce the aging effect 
of concrete into the constitutive matrix for one concrete layer. 
The initial and final times defining the time increment are given and the half 
time (in log scale ) is defined as: 
(4.78.) 
Using the half time, the current elastic modulus Er for the material is evalu-
ated using either Eq. (4.57.) or Eq. (4.69.) Once this modulus has been computed, 
the constitutive matrix for the layer may be evaluated, and introduced later in the 
element constitutive matrix. 
4.3.3.3. Evaluation of initial strains for one layer 
The analysis procedure, whether it is time dependent or independent is basi-
cally an iterative one. For a time dependent analysis, consider a time step. During 
a time increment, it is assumed that no external loading is applied, and only the 
effects of creep and shrinkage, and the stress redistributions caused by them are 
considered. At each strain point, the relaxation spectra coefficients are available 
for the element section, and the hidden stresses for each layer at the section are 
retrieved from the memory. 
During the first iteration, the time increment is passed to the program and the 
material properties at the section are updated with either of Eqs. (4.57.) or (4.69.) 
The incremental creep strains must now be generated for each concrete layer using 
Eqs. (4.58.) or (4.70.). Shrinkage strains are also generated at this point if re-
quired. The stress level is checked and the linear creep strains are scaled for high 
stress accordingly to section 4.3.2.3. if the normal stresses are over 40% of the 
compressive strength. Creep and shrinkage strains are produced even if the con-
crete is cracked. 
The hidden stresses must now be updated according to Eqs. (4.61.) or (4.73.) 
Care must be taken here as the strain increments used in the updating procedure 
must be the linear strain increments. This implies that the plastic strain increments 
and the additional creep strains due to hig4 stress levels must be subtracted from 
the total strain increment before updating the hidden stresses. 
For the other iterations, or for loading steps in which there is not time vari-
ation, initial strains are not produced, but the hidden stresses still need to be up-
dated. 
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4.3.3.4. Evaluation of initial strains for the element 
Once the initial strains have been evaluated for each of the concrete layers in 
an element section, the initial strains for the section must be evaluated. An ele-
ment section has been divided in layers in order to facilitate the analysis, but 
physically, it remains acting as a continuous section. The kinematic assumptions 
which govern the deformation of the section still have to be satisfied in order to 
maintain the compatibility of the material. 
The kinematic assumptions ( such as plane sections remain plane), are impor-
tant to determine the resultant initial deformations of the element from those of 
the constitutive layers. The resultant initial deformations are the required values 
which are to be used in the finite element formulation . 
The basic procedure employed in this investigation consists of the following 
steps: 
a) Obtain incremental equivalent layer initial stresses fl.oe qV j • Once the initial 
strains have been estimated, and using the current incremental layer consti-
tutive matrix, approximate equivalent initial stresses are computed for layer 
l as 
(4.79.) 
b) Form incremental initial resultant stresses fl.pin . Once the equivalent initial 
stresses for a layer are known, their contribution to the resultant initial 
stresses can be evaluated by using the incremental version of Eqs. (2.39). It 
must be notes that these are resultants over the element section. 
c) Evaluate incremental initial resultant strains fl.ijin . Take the current incre-
mental element constitutive matrix D at that gauss point. This matrix if 
formed from contributions from all concrete and steel layers at that section. 
Now the incremental initial resultant strains may be computed from: 
(4.80.) 
It must be noticed that the initial resultant strains fl.ijin represent the initial 
deformations on the element composite section, due to creep and shrinkage 
of the concrete·. 
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4.3.3.5. Problem representation 
When the objective is to simulate a structure for which there exist a set of 
global displacement measurements, but little or null information exist on the prop-
erties· of the material, an appropriate procedure would be as follows: 
a) Assume all parameters needed for the compliance and shrinkage models 
from composition. If composition is unknown, then assume a mix composi-
tion also. 
b) Evaluate the relaxation spectra for the assumed material model. 
c) Perform a finite element time dependent analysis. 
d) Compare computed and measured values. 
e) If values compare well, then the assumed model is correct and the structure 
is now correctly modeled. If results are too different from those measured, 
then a scaling factor may be computed from these values, and the assumed 
compliance function may be scaled with these factors. The model parame-
ters are varied to represent the new scaled function and the procedure loops 
back to step b). 
This is an expensive iterative method, but it is the only alternative available 
when the material properties are unknown, which unfortunately is the case in most 
situations. 
When material data is available, the model parameters may be optimized to 
represent that specific set of data, and then the resultant analysis reflects very well 
the expected structural behavior. 
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CHAPTER 5. 
MATERIAL MODEL VERIFICATION 
5.1. General 
The purpose of this chapter is to evaluate the accuracy and the prediction 
ability <?f the developed models by comparisons with actual tests. Tests for both 
beam and shell models are reproduced numerically and compared with the actual 
measured values. Both time dependent and time independent tests are considered 
for each model. 
5.2. Beam model 
5.2.1. Time independent behavior 
5.2.1.1. Gaston, Siess, and Newmark beam 
One of the beams tested by Gaston, Siess, and Newmark [36] at the University 
of Illinois was chosen for the verification of the layered beam material model. The 
geometry and properties of the chosen beam, TltvlA, are presented in Figure 5.1. 
The test consisted of the loading up to failure of a simply supported beam contain-
ing a single layer of reinforcement. The loading involved concentrated forces at the 
third points. The finite element model of the beam is described in Figure 5.2. In 
this model, different tension stiffening characteristics are assigned to each layer, 
lumping the tension stiffening effect around the steel layer. 
A plot showing the applied load at one of the loading points against the 
midspan deflection is presented in Figure 5.3. A good prediction of the response is 
observed. It must be noticed that the yielding point predicted by the model is 
higher than the experimental one. This characteristic is to be expected as the val-
ues provided by the model are average values over a region, while the actual be-
hayior of the beam, which is under reinforced, is governed by the local conditions 
developed at a certain crack. When yielding takes place, the cracks are deep and 
the region around the steel has practically no tension stiffening left. The layers far 
from the steel have been assumed in this example to have null tension stiffening, 
and as a consequence, after yielding occurs, the model response is almost flat as 
observed in the figure~ 
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5.2.2. Time dependent behavior 
5.2.2.1. Washa, and Fluck beam 
In .1952, Washa, and Fluck [67] performed a series of experiments with the 
idea of identifying the important parameters for the time dependent response of 
beams. One of the beams tested, beam C3, has been chosen for this comparison. 
The creep compliance and shrinkage characteristics of the concrete are pre-
sented in Fi'gures 5.4 and 5.5. In these figures, the measured values in prismatic 
specimens are plotted together with the idealized curves obtained by optimizing 
with the BPC model. In addition, in Figure 5.5 the shrinkage curve employed to 
describe the beam section shrinkage is presented; the difference in the curves be-
ing due to consideration of the beam volume to surface ratio and a beam shape 
factor. The properties and the parameters used for this example are listed in Ta-
bles 5.1. and 5.2. respectively. As explained before, the parameters were initially 
obtained from an assumed composition of the concrete, and then optimized for the 
data provided for both, creep and shrinkage. 
Beam C3 is a simply supported rectangular beam. The geometry of the beam 
is presented in Figure 5.6. The loading acting on the beam consisted of a uniformly 
distributed load of 82 lb/ft including self weight. 
The experiment was performed as follows: The beam was cast and then cov-
ered with wet burlap for five days, after which it was uncovered and exposed to the 
environment. Shrinkage started at this time; however, no loading was applied at 
this time. On the fourteenth day the beam was positioned on the supports and 
loaded. The load remained constant and measurements were taken during a period 
of one thousand days. During this period, both creep and shrinkage were acting 
simultaneously on the beam. 
The finite element discretization of the experiment is presented in Figure 5.7, 
where five beam elements are used to represent half of the beam, and ten layers 
through the depth are used to model the material. 
The beam was analyzed with FINITE. An initial analysis without shrinkage 
effects was performed, and the deflection at midspan is plotted in Figure 5.8. The 
results obtained by Chow, Hinton, and Rahman [27], and by Kabir [45], are also 
shown there. 
Chow, et. aI., [27] results were obtained using twenty Lagrangian three noded 
beam elements, while Kabir's [45], were obtained using 12 triangular shell ele-
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ments. Both researchers used the same first order algorithm for creep. Ten layers 
through the depth were used in both analyses. 
The values obtained by Washa and Fluck which are used for the comparison of 
results were evaluated by subtracting from the total displacements the shrinkage 
displacements measured on an accompanying beam. This shrinkage beam; how-
ever, was not loaded and therefore did not have any significant cracking. The total 
displacements were measured on the loaded beam in which considerable cracking 
was present. It is not possible to ignore the shrinkage-cracking interaction in this 
case, and by doing that, the assumed creep displacement values are overestimated. 
A simple computation subjecting cracked and uncracked beam sections to uniform 
shrinkage shows that the uncracked curvature is amplified by a factor of thirty 
when half of the beam is cracked. In consequence, the actual values due to creep 
only should be smaller than the values given by Washa, and Fluck. This response 
is correctly predicted by the current material model as observed in Figure 5.8. 
A second analysis of the beam, this time including shrinkage, was performed. 
The midspan deflections obtained from the analysis are compared with the total 
measured deflections in Figure 5.9 and an excellent response through the complete 
time span was obtained. Figure 5.10 shows the computed and measured strains in 
the beam at one inch from the top and bottom sides at midspan. The prediction is 
also very good at both places. 
5.2.2.2. Corley, and Sozen beam 
In 1966, Corley, and Sozen [30] performed a series of experiments to deter-
mine the influence of creep and shrinkage on the behavior of reinforced concrete 
beams. These experiments were similar to those performed before by Washa, and 
Fluck [67]. In this case concentrated loadings where applied to the beams instead 
of uniformly distributed ones. 
Beam C4 was chosen for this example. The creep compliance and shrinkage 
characteristics of the concrete are presented in Figures 5.11 and 5.12. The meas-
ured and idealized values for the specimens are plotted together. The parameters 
for the BPC model, used to represent this material were obtained in the same way 
as in the case of Washa, and Fluck's test, that is, an initial estimate was made 
from an assumed composition of the concrete, and then the parameters were opti-
mized first to represent the given shrinkage values, and then the given creep data. 
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The geometry and loading of beam C4 are shown in Figure 5.13. The beam is 
a simply supported concrete beam with one layer of reinforcement, and the loading 
consists of concentrated forces applied at the quarter points. The material proper-
ties for the beam and the parameters used for the BPC model are listed in Tables 
5.3. and 5.4. respectively. 
The finite element model used to represent this beam is given in Figure 5.14. 
Only half a ·beam is modeled due to symmetry considerations. 
The experimental procedure is described by the following sequence. The beam 
was cast and covered with wet burlap for eight days. After that, the beam was 
uncovered and allowed to dry, with the consequent shrinkage effects starting on 
that date. On the twenty eighth day, the beam was positioned on the supports and 
loaded with a concentrated force of 1120 lb at each quarter point. From then on, 
the load remained constant and measurements were taken for a period of one 
thousand days. 
A comparison between the computed and measured vertical displacements at 
midspan is presented in Figure 5.15. The prediction, as observed, is very good. A 
measured deflection of 0.253 inches was found immediately after load application, 
which compared to the computed value of 0.283 inches gives a maximum differ-
ence of 12%. After 728 days of constant loading, with shrinkage and creep acting 
on the beam, a vertical deflection of 0.623 inches was measured, which compared 
to the computed value of 0.657 inches amounts to a difference of only 5.5%. 
5.2.2.3. Commentary 
In this section, some observations on the behavior of reinforced concrete beam 
under time dependent effects are made. For this purpose, beam C3, which was 
tested by Washa, and Fluck [67] and analyzed in Section 5.2.2.1. is used here 
again. The description of the beam geometry and properties, as well as, the de-
scription of the experiment are already explained at Section 5.2.2.1. Some addi-
tional results are commented on this section in order to highlight some important 
aspects on the response of reinforced concrete members to time dependent effects. 
Consider a section at midspan of the beam. The strain and stress distributions 
through the depth at several times are presented in Figures 5.16 and 5.17, respec-
tively. Three distributions are shown in each figure. Distribution a) is obtained 
under the action of shrinkage only, just before loading is applied, after nine days 
of shrinkage action. Distribution b) is produced immediately after the load has 
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been applied to the beam; and finally, distribution c) is obtained one thousand 
days after load application, under constant loading conditions and under the action 
of creep and shrinkage. 
Under the action of shrinkage only, an unreinforced section would contract 
uniformly without any stressing. The presence of steel; however, restraints portions 
of the section from moving. In the case of beam C3, only the top part of the beam 
will be ~llowed to shrink, while the bottom part is restrained. As a consequence, 
tensile strains and stresses develope in the concrete around the steel (Figures 5.16a 
and 5 .17a). In some instances, these tensile strains may force initial cracks to 
appear even before the structure supports any load, with the consequent reduction 
in stiffness. 
At the time of load application, a plane section of the beam will rotate with 
respect to the initially deformed state and the tensile stresses win reach the crack-
ing level at an earlier stage than a beam without any shrinkage deformation (Fig-
ures S.16b and 5.17b). 
After application, the load remained constant for a period of one thousand 
days under the action of creep and shrinkage. The deformation continues, and the 
plane section now rotates around a point close to the steel position. The amount of 
creep deformation depends on the level of stress acting on the concrete. The top 
part of the beam sustains higher stresses than a section closer to the neutral sur-
face; therefore, the top part creeps more, but as continuity must be maintained (or 
plane section remain plane) then the points closer to the neutral surface will be 
over strained with a consequent increase in the stress level at those points, while 
the points close to the top will be under strained, with a decrease in their stress 
level. In order to maintain the tension-compression couple in the beam the neutral 
axis will move down approaching the steel and closing some cracks (see Figures 
5.16c and 5.1 7 c), and the stress in the steel will also increase. 
The behavior just described above, is one of the basic effects of creep in rein-
forced concrete members; that is, the stress in the section with a higher level is 
redistributed to the sections with a lower level. This effect might be a desirable one 
in some situations, like reducing the effects of foundation settlements, but it might 
be a very inconvenient one in the case of prestressing for example. 
Another important aspect is shown in Figure 5.18, where the stress in the steel, 
which does not creep, is increased in time, while the stress in the concrete, at the 
top of the beam, is decreased as mentioned above. Creep produces a stress trans-
60 
ference from the concrete to the steel, or from the more creeping material to the 
less creeping one. This observation is valid not only at the element level, but also 
at the structural level, where the stiffer members will take a bigger share of the 
load as· time flows. 
Cracking might be a very important factor at the structural level. Initial crack-
ing produced by shrinkage might decrease the global stiffness considerably produc-
ing a weaker· structure and reducing the safety factor under further loading. Addi-
tional cracking might also be produced when the stress redistribution due to creep 
takes place, yielding as a consequence a weaker structure. 
A final comment is made with respect to the time dependent deformations, 
which are several times larger than are the corresponding instantaneous ones. In 
the case of beams, there exists a factor of three to four between time dependent 
and time independent deformations for noniial concretes. For beam C3 a factor of 
2.6 was found. A sketch showing the deformation in the beam through time is 
given in Figure 5.19. A well designed beam wili not be affected in its strength 
capacity by these geometric changes because the basic load carrying mechanism is 
still the flexural one, and in addition the membrane strength might start affecting 
favorably. However, this may not be the case when dealing with other type of 
structures such as thin reinforced concrete shells. 
5.3. Shell model 
A series of experiments were chosen to test the layered shell material model 
under both, time dependent and time independent conditions. The experiments 
used, and their numerical evaluations are compared in the next sections. 
5.3.1. Time independent model 
5.3.1.1. Vecchio-Collins panels 
A series of tests on reinforced concrete panels were designed and performed 
by Vecchio, and Collins [65] in order to obtain a better understanding of the in-
plane response of this type of element. A group of these panels has been chosen 
here to test the accuracy of the membrane relationships used in the shell model. 
All these tests were conducted using only one shell element to represent one panel; 
therefore, these tests verify the material model at the element level. Tests to check 
the model at the structural level are conducted in later sections. This hierarchy in 
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the testing of a model is very useful to detect errors in the programming or in the 
logic of a model [52]. 
The specimens used are square flat panels with dimensions of 890 x 890 x 70 
mm. The description of the test and of the fabrication of the specimens is given in 
reference [65] and is not repeated here. The finite element discretization is pre-
sented in Figure 5.20, where only one element is used to represent one panel. 
The' panels tested are divided in four groups. Each group tests a specific part 
of the model. The material properties of the chosen panels, the loading characteris-
tics, and the verification aspects that are being checked are listed in Tables 5.5. 
and 5.6. 
In the first group, panel PV16 is selected to verify the cracking criterion and 
the tension stiffening model. Panel PV16 is isotropically and lightly reinforced. The 
panel is subjected to pure shear. The symmetry of geometry and loading produces 
symmetry of deformation with no slip along the cracks. As the reinforcement is not 
heavy, the stress-strain relation of the concrete parallel to the crack is not domi-
nant and the tension stiffening model can be checked adequately. A comparison 
between the observed and computed response for this panel is given in Figure 
5.21 where a good correlation is observed. 
In the second group, panels PV25 and PV28 are chosen to test the tension 
stiffening model and the stress-strain relation of the concrete parallel to the crack. 
These panels have heavy isotropic reinforcement -and are loaded with a combina-
tion of shear and biaxial compression, and shear and biaxial tension respectively . 
Again, due to the symmetry of geometry and loading, no slip occurs along the 
crack. and the behavior is controlled by the tension stiffening model in the low 
stress range and by the concrete stress-strain relation parallel to the crack for the 
high stress range. Figures 5.22 and 5.23 present the results for the measured and 
computed behavior of these panels. The computed behavior, although it gives a 
good predictIon. seems to be more softer than the measured response. 
Panels PVll, PV18, and PV19 form the third group. These panels are 
anrsotropically reinforced and loaded in pure shear. As a consequence of the 
anisotropy in the reinforcement, slipping along the cracks will occur, and there-
fore, the shear transfer relation after cracking is one of the factors affecting the 
response of these panels. The computed response of these panels is compared with 
the measured values in Figures 5.24, 5.25, and 5.26 where a very good prediction 
is observed. In the present model the assumption of a constant shear stiffness 
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along the crack, does not seem to have any adverse effect on the behavior of the 
panels. Perhaps a more refined model, which accounts for the reduction in stiff-
ness with the opening of the crack would give a better response, but that does not 
seem necessary in this case. C~ses in which large crack deformations occur may 
need one such variable stiffness approach. 
Finally the fourth group is represented by panel PV17. This panel was symmet-
rically reinforced and the loading was monotonic uniaxial compression. The objec-
tive of this test was to determine the accuracy of the stress-strain response of the 
material model under pure compression. The response as observed in Figure 5.27 
gives good results. 
A summary of the measured and computed responses for all panels is given in 
Tables 5.7. whence it might be concluded that the prediction of the present model 
to in-plane actions is accurate. 
5.3.1.2. Cardenas and Sozen panels 
An experimental research on the behavior and strength of reinforced concrete 
slabs with isotropic and nonisotropic reinforcement under the action of bending 
and torsional moments was performed by Cardenas, and Sozen [24]. A group of 
these slabs are chosen here to test the bending characteristics of the layered shell 
model. 
One nine noded Lagrangian shell element is used to model each panel. Again, 
this tests the material model at the element level. The geometry and the finite 
element discretization of one panel is presented in Figure 5.28 where ten layers of 
concrete were used through the depth of the panel. Figure 5.29 is a sketch of one 
panel which shows the position of the reinforcement used. The notation in Figure 
5.29 is used in Table 5.8. to specify the properties of the reinforcement in each 
slab. Table 5.8. lists the material properties for each panel. 
Two types of loading are applied to the panels, the first is pure bending and, 
the second is pure twisting. The sign convention for the applied loadings is pre-
sented in Figure 5.30. By varying the proportion in which the loads are applied 
simultaneously, different load states are created. The combination of twisting and 
bending applied to each slab is given in Table 5.8. 
A comparison of the cracking, yielding, ultimate moment, and the yield line 
orientation between the experimental values and the computed ones for each slab 
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is given in Table 5.9. The moments listed in this table are the moments measured 
in the direction of the principal applied moments. For the case of pure bending, 
the principal applied moment direction coincides with the direction of the applied 
bending moment, but for the case of torsion and bending acting simultaneously, 
the directions differ. The torsion and bending are applied following the relation 
T = JO.14 Mb ,where T is the torsion moment and Mb is the bending moment. 
The ma,ximum principal moment in this case is oriented at an angle of 20.5 de-
grees counterclockwise from the x axis or from the direction of bending. 
Plots of the principal applied moment versus curvature in the principal mo-
ment direction are presented in Figures 5.31, 5.32, 5.33, 5.34, 5.35, and 5.36. 
From these plots and from the results presented in Table 5.9. it is possible to 
conclude that the present model is an adequate model in bending. 
5.3.1.3. Gaston, Siess, and Newmark beam 
All the tests performed so far, using the layered shell material model, have 
been aimed at testing the model at the element level. This example and the ones to 
follow test the performance of the model at the structural level. 
The beam analyzed in this section is the same beam already analyzed in Sec-
tion 5.2.1.1. using beam elements and the beam layered. material model. The ge-
ometry and properties are given in Figure 5.1. The current element discretization 
using shell elements is presented in Figure 5.37. One difference with the beam 
model is that for the shell elements the tension' stiffening characteristics are the 
same for each layer and not only lumped around the steel. 
The load-midspan deflection diagram for this case is given in Figure 5.38 
where a good representation of the behavior is observed. The yield load is higher 
than the experimental one for the same reasons explained already in Section 
5.2.1.1. but now the response after yielding is not flat. The additional increase in 
strength after yielding is attributed to the additional tension stiffening provided by 
each cracked concrete layer even if the layer is not adjacent to the steel. 
5.3.1.4. Duddeck slabs 
A set of tests on slabs was performed by Duddeck, Griebenow, and Schaper 
[32] with the objective of providing a basis for comparison with various finite 
element models. 
The specimens are square slabs which are pin supported at the comers by 
cables, being able to move in its own plane. The loading consists of a concentrated 
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force applied at the center. Slabs 11 and 31, which are isotropically and anisotropi-
cally reinforced respectively, are chosen to test the present model. 
A sketch showing the geometry and loading position of the slab is presented in . 
Figure 5.39 with the properties listed in Table 5.10. The finite element discretiza-
tion model of one quarter of the slab is as shown in Figure 5.40. 
The load versus central vertical deflection response for both slabs is presented 
in Figures 5~41 and 5.42 where a good prediction of the experimental response is 
observed. 
5.3.1.5. Bouma shell 
A series of eleven circular cylindrical barrel shells were tested by Bouma, Van 
Riel, Van Katen, and Beranek [23] in order to investigate the nonlinear behavior 
and stress distribution to be expected for this class of shells. The models were built 
at a scale of 1:8 with respect to the actual shells. 
From these tests, shell A2 has been chosen to test the layered material model. 
The geometry and reinforcement of shell A2 is presented in Figures 5.43 and 5.44 
respectively. Table 5.11. lists the properties of the materials used in the shell. 
The finite element discretization is given in Figure 5.45. The reinforcement is 
distributed in specific sections of the shell, defining a series of patterns which are 
very useful when assigning the properties to the shell. Figure 5.46 shows the finite 
element discretization for the shell side to side with the reinforcement patterns 
used in this problem. With the aid of this figure it is possible to assign the right 
amount of reinforcement to each gauss point. The steel distribution for each pat-
tern is given in Table 5.12. 
The loading applied to the model is similar to that applied to the real structure. 
In the case of shell A2, the basic loading applied to the model was a uniform 
vertical distributed load of 2.45 KN/m 2 applied on the shell, and a line load of 0.49 
kN 1m applied on the edge beam. This load was increased proportionally, and a 
load factor was defined as the ratio between the total applied load and the basic 
load. 
A plot of the loading factor against the vertical displacement at the top of the 
edge beam at midspan is presented in Figure 5.47. Two analysis were performed, 
one considering linear geometry, and the other considering geometric nonlinearity 
in addition to the material nonlinearity. From the figure, one can observe that in 
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this case, the geometric nonlinearity is essential in order to obtain the correct 
response for the barrel shell. 
The cracking pattern obtained at the ultimate load is shown in Figure 5.48. The 
cracking pattern for the model checks well with the experimental one. The posi-
tions where the steel yields are also predicted adequately using the model. The 
ultimate loading is obtained when after yielding of the longitudinal beam steel at 
midspan, excessive deflections produced a yield line at the crown of the shell; 
some additional loading was still supported until the shear steel near the support 
yielded. At this point it was not possible to obtain further convergence for any load 
increment. 
5.3.2. Time dependent model verification 
5.3.2.1. Washa and Fluck beam 
The same beam that was analyzed in Section 5.2.2.1. is analyzed here. Five 
shell elements are now used here to model half of the beam, using ten concrete 
layers through the thickness. The geometry and material properties are described 
in the earlier section and are not repeated here. The response using the shell model 
is given in Figure 5.49 where it is compared with the experimental response. A 
very good prediction is observed in this case. 
5.3.2.2. Corley and Sozen beam 
This beam is the same as the one analyzed in Section 5.2.2.2. Five shell ele-
ment are used to model half of the beam with ten concrete layers through the 
depth. The geometry, loading and properties are discussed in that section and are 
not repeated here. The results obtained using the shell model are presented in 
Figure 5.50, where excellent results are obtained. 
5.3.2.3. Taylor slab 
There exists a lack of well documented and controlled tests dealing with the 
time dependent response of two dimensional structures like plates or shells. Most 
of the papers dealing with the subject limit their scope to a report of deformations 
measured at certain points on actual building structures. Usually the information 
with respect to the concrete properties is minimum, limited to the compressive 
strength and perhaps the secant modulus of elasticity. This lack of information 
makes it difficult to determine the creep and shrinkage characteristics of the con-
crete in this environment. 
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Deformations measured at some points on a roof slab in a building in Sydney, 
Australia as reported by Taylor [63], [64], are used here to verify the two dirrien-
sional prediction capabilities of the layered shell model. 
A description of the roof slab where the measurements were taken is given in 
Figure 5.51. In this example, three points, designated 2, 6, and 10, are chosen to 
compare the measured and computed deflections.The detailed dimensions for the 
complete slab can be found in reference [63]. In this example, only the strip con-
taining points 2, 6, and 10 is analyzed. The dimensions of the slab strip are pre-
sented in Figure 5.52. The material properties used are listed in Table 5.13. 
The loading acting on the roof was due to gravity load including a light weight 
steel deck, insulation, and a cover of gypsum plaster, all amounting to a load of 
11 ° psf on the slab plus a line load of 22.18 lb/in from the 11 3/4" x 22 1/2" beam 
and a line load of 16.11 lb/in from the 16" x 12" beam. In addition, an impervious 
layer of paper was placed on the top surface of the slab at the moment of casting 
and it was taken out some time after stripping of the slab. A list of the operations 
performed is presented in Table 5.14., which is the sequence followed for this 
example. 
A sketch showing the positioning of the reinforcement in the slab strip is pre-
sented in Figure 5 .53. By spreading the steel in a layer, several reinforcement 
pattern zones are recognized as shown in Figure 5 .54. In Table 5 .15. a list of the 
properties of each steel layer for each pattern zone is given. 
The finite element mesh used in this example follows basically the pattern of 
reinforcement, and is shown in Figure 5.55. The boundary conditions applied to 
this mesh involve restraint of vertical displacements at the column points and re-
straint of rotations at the symmetry lines. No restriction of inplane displacements is 
applied. This situation models in a certain form the action of construction joints 
built in actual structures and is thought to be a realistic condition. 
The lack of any experimental data on the creep and shrinkage of the concrete 
used on the job presents a problem. It is not possible to optimize the parameters of 
the compliance function or shrinkage function to represent this materiai, and the 
parameters obtained from an assumed composition of the concrete have to be 
used. Obviously the prediction from a function determined in this manner is not 
expected to be accurate to any great degree. Furthermore, the parameters for the 
BPe model have been developed for normal concrete, and for this case, it is men-
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tioned in reference [64] that the concrete in this part of Australia creeps and 
shrinks more than normal concrete does. 
In order to deal with this problem, besides the known parameters listed in 
Table 5.13., additional parameters are assumed which are required to yield an 
initial estimate of the BPC parameters. A summary of the composition parameters 
assumed is given in Table 5.16. and a list of the generated BPC parameters is 
presented in Table 5.17. column (a). By assuming that the average shrinkage strain 
in one year is of the order of 0.8E-3, optimization of the shrinkage coefficients can 
be carried on, with the additional modification of the drying creep coefficients as 
listed in Table 5.17. column (b). A further adjustment to represent the creep and 
shrinkage of the slab instead of that of a cylinder is shown in Table 5.17. column 
(c). The creep and shrinkage functions generated with these coefficients are pre-
sented in Figures 5.56 and 5.57. A.Il exponential series expansion of the creep 
function generates the coefficients required as input to the finite element model. 
An initial analysis was performed using these functions, and the response at 
points 2, 6, and 10 on the slab is compared to the measured values in Figures 5.58 
to 5.60, where as it was anticipated a low prediction on the deformations is found. 
With the idea of obtaining a better representation of the creep response, a 
scaling of the compliance function is performed. Only the compliance is scaled, 
and not the shrinkage, as it is assumed that the final value for shrinkage is cor-
rectly modeled. In order to define the scaling factors, a second analysis without 
shrinkage was carried out, and the results may be observed in Figures 5.58 to 5.60. 
The response due to creep only must be scaled in order to account for the differ-
ence between the measured values and the values obtained considering creep and 
shrinkage effects. Using the scaled creep values as data values, an optimization of 
the creep parameters is performed. The final optimized values of these parameters 
are listed in column (d) of Table 5.17., and a plot of the final compliance function 
IS shown in Figure 5. 6l. 
Using the optimized compliance function to generate the series expansion co-
efficients, a third finite element analysis was performed, and now the prediction is 
found to be very good as may be observed in Figures 5.62, 5.63, and 5.64. The 
displacements for points 2, and 10 match correctly the measured values, while the 
response for point 6 shows a stiffer response. Further refinement of the results 
might be obtained by re-scaling the compliance and shrinkage functions, but this is 
not considered to be necessary here. Once a material model has been determined, 
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as it was done above, it is possible to perform further studies of the structure 
varying support and loading conditions. It is important to notice that the model 
developed here is able to produce a good prediction of the behavior and enable us 
to study further details and parameters which would be very difficult to study 
through actual experimentation. This problem is an excellent example of the diffi-
culties normally found when trying to reproduce creep and shrinkage experiments 
and results. 
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CHAPTER 6. 
PARAMETRIC STUDY 
6.1. Introduction 
Ideally, two types of effects are considered in the response of reinforced con-
crete shells: in the first place, the time independent effects, which govern the be-
havior of the structure when the material properties are fixed at the outset of the 
analysis; and in the second case, the time dependent effects which produce 
changes in the material properties as time evolves. 
The main concern in a time independent analysis is to determine the structural 
response for predetermined loading conditions, which may be a fixed loading pat-
tern, or a set of incremental loadings in order to study the structural failure. The 
analysis of this kind of problem is performed through a nonlinear finite element 
procedure, and the design may be based on these results. 
In· a time dependent analysis, the main objective is to determine how the time 
independent response is affected as a consequence of creep, shrinkage and aging. 
An important issue here is also to determine what parameters play an important 
role in the behavior, so that the detrimental effects may be diminished or con-
trolled. The determination of these parameters is importa.nt in order to increase the 
basis of our current desigr:! criteria. 
A gable roof system is chosen here as the basic model for the parametric 
study. This configuration has been a source of frequent problems [34] due to its 
great sensitivity to small geometric changes in regions with large thickness to ra-
dius of curvature ratios. The specific geometry considered is similar to that of an 
actual structure which had serious serviceability problems and for which the design 
plans were available. The material properties are completely assumed as the infor-
mation from the actual structure is unavailable in this respect. 
The results from the analysis are presented in tables and in graphical form. 
The number of plots is numerous, but with the idea of presenting a complete set of 
results for the four cases analyzed, so many graphs are given. 
6.2. Material description 
The information available on the actual material characteristics is very sparse. 
The only known characteristics are the compressive strength f c and specific 
weight (j) for the concrete, and the yield stress h for the steel, with values 
f c = 3000 psi lb w=108-ft3 
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fy = 50000 psi (6.1.) 
The concrete is a lightweight concrete, and therefore, the material properties 
are chosen from reference [60], where experimental properties are evaluated for 
lightweight concretes. Specifically, the data for a concrete with a compressive 
strength and a specific weight similar to those used in the actual structure are 
chosen here. Table 6.1. lists the concrete mix data and the properties for the steel, 
and Table 6.2. lists the compressive strength and elastic modulus for the concrete 
at different ages. 
An initial estimate of the parameters employed in the BPC model are gener-
ated using the composition information, then the experimental graphs for shrink-
age and for creep compliance presented in reference [60] are approximated by 
optimization of the BPC parameters. Table 6.3. lists the optimized parameters, and 
Figures 6.1 and 6.2 show the resulting creep compliance and shrinkage functions 
used in this problem. The compliance and shrinkage functions for the shell and for 
the beams are presented in the figures, the difference-being the different volume to 
surface aspect ratio and the shape factor for those different structural elements. 
Both drying, and loading are assumed to start at the 28th day. 
6.3. Geometry and reinforcement of model 
The roof is formed by four hyperbolic paraboloids side to side supported at the 
exterior corners. Edge and crown beams are positioned at the edges of each panel. 
Figures 6.3 and 6.4 respectively show perspective and plan views of the chosen 
gable roof. The long span is oriented in the north-south direction, and due to 
symmetry of geometry, only one quarter of the structure is needed to show the 
details. Figure 6.5 presents the geometry for one quarter of the roof. The crown 
and edge beams are tapered beams with geometric characteristics as shown in 
Figure 6.6. 
The reinforcement used in this structure is presented in Figure 6.7 for the 
shell, and in Figures 6.8 and 6.9 for the beams. 
6.4. Finite element model 
Due to symmetry considerations in both loading and geometry, only one quar-
ter of the roof needs to be analyzed. Figure 6.10 presents a sketch of the roof 
where the chosen panel for this study is marked. 
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The finite element model used to represent the roof panel is presented in Fig-
ure 6.11. A mesh of six by four shell elements is considered adequate to model the 
hyperbolic-paraboloid, and beam elements are connected at the edges of the 
panel. The beam elements take into consideration the eccentricity from the shell. 
The comer support is assumed to be roller supported, not allowing vertical dis-
placements, but being free to move in the plane. Tension ties are provided to 
restrict the plan motion of the comer support, and symmetry boundary conditions 
are enforced along the crown lines. The tension ties are modeled with truss ele-
ments. 
The comer support in the actual structure is supported on walls which do not 
allow vertical deflections to occur. To model these boundary conditions, springs 
normal to the edges with a large elastic modulus are provided along the corner as 
observed in Figures 6.11 and 6.12. The stiffness assumed for each spring is 
(6.2.) 
It was already mentioned that the beam elements do not provide stiffness 
against torsion nor bending about the weak axis when material nonlinearity is con-
sidered. For the case of the gable roof, these assumptions introduce a numerical 
instability when cracking appears in the beams with a lack of convergence ob-
served in the procedure. To avoid this problem, elastic beams with stiffness only 
for torsion and weak axis bending are superimposed on the material nonlinear 
beams. This procedure is considered not to affect the basic response of the roof, as 
the dominant response comes from bending in the strong axis direction, and more-
over it allows the analysis to proceed after initial cracking in the beams has oc-
curred. 
The integration scheme employed in this problem consists in full reduced inte-
gration of the beam and shell elements. In order to avoid zero energy modes; 
however, four fully integrated shell elements are used. Figure 6.13 shows the posi-
tion of the fully integrated elements in the roof model. 
6.5. Parameters studied and procedure of anaiysis 
In this investigation, five parameters are varied in order to study their influ-
ence on the response .of gable roofs. By modifying these parameters, some ideas 
are developed with respect to the behavior of this type of structures. The amount 
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of restraint at the corner support and the influence of the crown beam size and 
position are the main issues to be investigated in this chapter. 
Four different structures or sets are defined by combining the parameters in 
different order. Table 6.4. presents the four sets, listing the parameters used in 
each set. In the remainder of the chapter, references are continuously made to the 
sets defined in here. 
The general geometry and material properties, as described above, are the 
same for all sets. 
Sets 1 and 2 are used to investigate the effect of lateral constrain at the corner 
support. To this end, the area of the tension tie is varied from a large value repre-
senting an almost completely restrained corner, to a small value representing a 
weak lateral support. The areas for the ties are specified as 
B· t" {50 in2 (North-South) Ig Ie: 
26 in2(East-West) 
S~~ll {12 in2 (North-South) 
tle. 6 in2 (East-West) 
where a ratio of four differentiates the areas of big and small ties. 
(6.3.) 
Sets 1 and 3 address the problem of relative position of the crown beam with 
respect to the shell. Set 1 is defined with the crown beam under the shell, while set 
3 has the beam positioned above the shell. Both sets use the big tie definition in 
order to model an ample restraint at the support. 
Finally sets 1, 3 and 4, deal with the issue of crown beam size. Set 4 does not 
have a crown beam, therefore the shell carries all the compressive stresses by 
itself. 
Once the sets have been defined, the analysis procedure is established. Table 
6.5. presents the schedule for loading of the roof. The structure is cast and as-
sumed to be cured for twenty eight days. At that date, the forms are removed and 
the structure is exposed to the environment; therefore, this date i~ th~ starting date 
for shrinkage, and the date when the self weight loads the roof. After the weight 
has been applied, no further load is assumed to act on the structure, and therefore, 
only the effects of creep and shrinkage affect the response as time progresses. The 
time steps are applied at regular increments in logarithmic time scale using three 
increments per decade. The initial time after loading starts at 0.1 of a day and time 
steps are applied until a time of 10,000 days ( about 27 years) after loading has 
been reached. 
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The results of the analysis are presented for each set at the initial time and at 
each additional decade in logarithmic time. For each set, the results are presented 
in the following order: a) displacements, and force distributions in beams, b) con-
tours for stress resultants in the shell, and c) cracking pattern distribution. The 
results for set 1 are found in Figures 6.25 to 6.49, for set 2 in Figures 6.50 to 6.74, 
for set 3 Figures 6.75 to 6.99, and finally for set 4 in Figures 6.100 to 6.114. 
The' effect of creep and shrinkage on the strength is investigated for sets 1 and 
3, which respectively have the crown beam positioned under and above the shell. 
To this end, the structures are loaded up to the failure point by applying uniform 
load increments over the roof shell. These strength analyses are carried out at the 
initial time and after 10,000 days have passed after the initial loading for both sets. 
6.6. Time independent behavior 
In this section the response under dead load is studied. The material properties 
are defined at the 28th day and the dead load is applied in four increments to the 
roof. The response for the four sets is described in detail. 
6.6.1. Basic mechanism, membrane solution and checks 
The basic response mechanism for a gable roof is just like that of a beam. The 
crown beams form. the compression flange, the ties the tension one, and the shell 
acts like a shear web. Figure 6.14 presents a side view of a gable roof showing the 
beam mechanism. 
The concept for this simple mechanism has its origin in the membrane analysis 
of a single panel where the shell is in a state of constant shear as shown in Figure 
6.15. For a shallow shell, assuming that the conditions at the boundaries are able 
to maintaIn the shear force, stress resultants other than shear are null: 
]'..; = _ qab ,and 
;ry ")J., 
.... ,. 
Nx = A (ete) = 0 l For free 
~ yo,. ~ ." r. r edges Ny=li ~ele)=v J 
(6.4.) 
where q is the uniform vertical load over the shell, a and b are the span lengths, 
and h is the raise of the shell as observed in Figure 6.15. For the specific case of 
the shell chosen for this study: 
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a = 648", b = 460", h = 189" 
t = thickness = 3.5" 
q = Q) ... t = 0.219 ,lb
2 
lb zn 
Nxy = -173-, 
zn 
1b 
Q) = 108 3 ft (6.5.) 
This result is valid for a shallow shell. Several criteria exist to check for shal-
lowness: 
a) 
b) 
___ h ___ < ~ if membrane solution is to be 
smaller span - 5 within 4% of error 
ht 
-> 0.00125 
ab 
> 0.003 
for gable roofs 
for saddle or umbrellas 
For the chosen shell these criteria are evaluated: 
a) ~ = 0.411 > 0.2 
b 
ht b) - = 0.022 > 0.00125 
ab 
(6.6.) 
(6.7.) 
Criterion a) implies that the shell is not shallow and as a consequence the 
shear is not going to be exactly constant, and the inplane stresses in x and y 
direction are not going to be zero, but will accumulate as one moves from the 
edges to the crown. The membrane solution is therefore just a rough estimate of 
the actual values of the forces expected in the shell. 
Checking the finite element contours for Nxy for all the sets, one can verify 
that the shear is not constant; however, the membrane solution is still a good 
estimate in the central portion of the shell, with the values varying appreciably 
near the boundaries. 
Criterion b) check that the aspect ratio of the present shell is within the allow-
able boundaries for gable roofs. 
6.6.2. Behavior and effects of edge members 
Ideally the edge members, should be able to provide the necessary constraints 
to the sides of the shell panel in order to preserve the state of constant shear. The 
reaction of the shell on the edge members accumulates linearly axial force in these 
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members as may be observed in Figure 6.16. From membrane theory, the force F 
accumulating in the edge members is obtained by 
(6.8.) 
where f3 is the distance from the comer along the side of the panel. 
In the plots of axial force distribution in the beams for all sets, the membrane 
force computed with Eq. (6.8.) is plotted in the figures ( Figures 6.29 to 6.32 for 
set 1, Figures 6.54 to 6.57 for set 2, Figures 6.79 to 6.82 for set 3, and Figures 
6.104 to 6.105 for set 4 ). Along the edge beams, it is observed that the membrane 
solution gives a good estimate of the axial forces in all cases; however, for the 
crown beams the estimate is not as good. When the beam is downstanding ( sets 1 
and 2 ), the force in the crown beams is highly over estimated. A design of these 
members using membrane forces will produce oversized elements. For the case 
with the beam upstanding ( set 3 ), the membrane solution will give a better esti-
mate, but still overestimating the value. 
The departure from the membrane solution is produced by several factors, 
some of which are described next. 
First, the dead we~ght of the beams is not considered in the membrane solu-
tion, and this load has a significant effect on the overall stress distribution. The 
shear distribution differs mostly at the edges from the membrane solution. Further-
more, the beams should be self supporting members; otherwise, the additional 
weight contributes to a loading of the shell instead of helping it to carry the load. 
For the shell analyzed here, the crown beams are too big as may be concluded 
from the axial force distribution plots for sets 1, 2 and 3 ( Figures 6.29 and 6.30 
for set 1, Figures 6.54 and 6.55 for set 2, and Figures 6.79 and 6.80 for set 3 ), 
where the force level in the beams is too low. For set 4, where no crown beam is 
present, no additional weight is loading the shell either; however, in order to main-
tain the membrane solution, it would be necessary the presence of very stiff 
weightless beams. The lack of these members for set 4 disturbs the membrane 
solution as the shell itself has to provide the compression forces along the edges. 
Second, the position of the crown beam with respect to the shell plays an 
important role in the behavior. When the beam is in a downstanding position, the 
shear coming from the. shell is transferred to the beam along its top. This eccentric 
force acting on the beams produces moments which add to the moments due to 
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self weight. In turn, this effect produces additional moments and deflections in the 
structure. The critical zone for this effect is the region near the crown, where the 
shell is almost flat and it is not able to help the beams carry their weight. In this 
region it is possible to end up with the shell providing the compression flange while 
the beam is working in tension as actually occurs in the east-west direction for sets 
1 and 2 ( Figure 6.29 for set 1 and Figure 6.54 for set 2 ). In the north-south 
direction (Figure 6.30 for set 1, and Figure 6.55 for set 2 ) , although the force in 
the beam is not in tension, it is an extremely low compressive force. For the case 
with the beam upstanding, the shear coming from the shell is transferred along the 
bottom of the member, and consequently, the moments generated are opposite to 
the moments induced by self weight. The crown beams in this case are able to 
carry a considerable amount of the shell shear force as compressive axial force. In 
the axial force distribution plots for the crown beams for set 3 ( Figures 6.79 and 
6.80 ), it is observed that the actual force distribution follows the membrane case 
more closely. 
Third, the lack of compatibility between the bea[I1s and the shell panel intro-
duces additional force redistribution and bending moments which are unaccounted 
for in the membrane theory. 
Consider the inplane stress distributions Nx and Ny for set 1 with the beams 
downstanding ( Figures 6.43 and 6.44 respectively), and for set 4 without crown 
beams ( Figures 6.108 and 6.109 ). It is possible to observe that in the central 
region the value and distribution of inplane stresses are similar in these cases. This 
fact is interesting as it points out that the shell compensates for the lack of com-· 
pression in the crown beams by forming compression bands around the beams, 
and it suggests that the downstanding beam is useless in this case. The compres-
sive bands appear in the central crown region for the case when the beam is down, 
and they grow proportionally from a null value at the corner to a maximum value 
at the crown for the case with no crown beams. For the case with the beams 
upstanding ( Figures 6.93 and 6.94 ), the crown beams take a large share of the 
load while the shell is virtually unstressed in the region along the crown beams and 
while the~e are inpiane forces in Ou1er regions of the shell their magnitude is even 
less than half of those found for the case with the crown beams down or for the 
case when they are not existent. 
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6.6.3. Static check 
Equilibrium must be satisfied at any section through the structure. Two sec-
tions along the crown lines are chosen in order to check horizontal and vertical 
equilibrium of forces. These sections are shown in Figure 6.17. The equilibrium 
checks for sets 1 and 3, respectively with the crown beams downstanding and 
upstanding, are presented in Tables 6.6. through 6.8. for set 1, and in Tables 6.9. 
through ,6.11. for set 3. In this section, consider only the first column of each table, 
which is computed at the initial time of 28 days just after the dead load applica-
tion. 
An initial consideration is that the amount of error in equilibrium is within 
acceptable limits in all cases, with a maximum error of 5.9% for set 3 in the 
vertical forces. 
For set 1, it is observed from the total compressive force computed through 
sections A-A and B-B, that the shell carries more than the 100% in both cases. 
These results are in contrast with those predicted by membrane theory, which as-
sumes zero inplane normal forces in the shell. The crown beam, which is supposed 
to pick up the shear from the shell as compressive force, carries only a small 
percentage of the load ( north-south direction ) or is even working in tension 
( east-west direction). The causes for this behavior have been already discussed 
in Section 6.6.2., and may be attributed to the influence of the dead weight of the 
beam and the downstanding position of the crown beam with respect to the shell . 
The beams have to support their own weight by bending especially near the crown 
point where the shell is flat and cannot help the beam; in addition, the shear 
flowing from the shell into the top part of the beam, produces additional moments 
besides those due the dead weight. In the east-west direction the shell is providing 
the compressive flange of the composite section while the beam is working in 
tension. In the north-south direction, the beam carries but a minimum amount of 
compressive force. 
A striking difference from· the results of set 1 is observed in those of set 3. In 
this- case, which is defined with the crown beams positioned above the shell, the 
crown beams carry neady haif of the total compressive force ~hrough the sections. 
The axial force distribution along the crown beams follows the membrane solution 
more closely ( Figures 6.79 and 6.80 ). This behavior may be attributed to the 
beams' upstanding position, as then the shear flowing from the shell into the bot-
tom part of the beams produces moments that counteract the effects of the beams' 
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dead weight making them able to pick up the shear from the shell as compressive 
force. An important conclusion emerging from these results is that the loss of the 
membrane behavior is not totally due to the weight of the beams, but due to the 
inadequate position of the crown beams with respect to the shell. A downstanding 
position renders the crown beams useless as edge members, not being able to pick 
up the shear being transferred from the shell; however, the dead weight of these 
members heavily loads the complete structure. An upstanding position, in contrast, 
allows the crown beams to actively participate as a structural member carrying a 
significant percentage of the load. 
The beam position with respect to the shell might appear to be an apparently 
small detail; however, it has a dramatic effect on the structural response of gable 
roofs, and therefore, should be carefully considered in the design. 
When the shell is not shallow, the variation of the load due to the slope of the 
shell may be accounted for in membrane theory. This theory predicts an accumula-
tion of compressive inplane normal stress resultants due to self weight as one 
travels from the edge to the crown. From the Nx and ;Ny contours for all sets 
( Figures 6.43 and 6.44 for set 1, Figures 6.68 and 6.69 for set 2, Figures 6.93 and 
6.94 for set 3, and Figures 6.108 and 6.109 for set 4 ), it is observed that the stress 
accumulation is not uniform in the shell at all, but it is localized in two bands 
along the edges. What is relevant in this moment, is that the inplane stresses are 
not zero. By making equilibrium checks through sections A-A and B-B along the 
ridges, these compressive. stresses in the shell produce compressive resultants 
which have a vertical component pulling up the structure. This effect is more pro-
nounced near the exterior corners where the shell is steeper. The vertical compo-
nent is balanced by the edge beams which work in tension at the comers as may be 
observed in Tables 6.6. to 6.11. for both sets independently of the position of the 
crown beams. Indeed, the tension at the corners is observed in all the plots of axial 
force distribution for the edge beams for all the sets independently of the parame-
ters varied ( Figures 6.31 and 6.32 for set 1, Figures 6.56 and 6.57 for set 2, 
Figures 6.81 and 6.82 for set 3, and Figures 6.104 and 6.105 for set 4 ). 
6.6.4. Comments on structural response 
Comments on the axial force distribution in the edge members and its effects 
on the roof response have been discussed already in the sections above. Here 
additional comments are given on the moment distribution in the edge members, 
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the computed deflections and the cracking patterns observed after dead load appli-
cation . 
. For the bending design of the crown beams, a useful rule of thumb consists in 
considering half of the total span of the beam as a simply supported beam loaded 
with its dead weight as observed in Figure 6.18. The sections near the edges are 
supported partially by the shell thus the beams behave like beams on an elastic 
foundation. This behavior is observed clearly for all sets in the moment distribu-
tion plots in the north-south direction ( Figure 6.36 for set 1, Figure 6.61 for set 2, 
and Figure 6.86 for set 3 ), where for the half of the panel that is close to the edge 
the moments are small, while for the half that is close to the crown points, the 
moment diagrams are similar to those obtained for simply supported beams under 
uniform distributed loads. In the east-west direction, which is the short span, the 
same behavior is observed, but the shape of the moment diagram for the interior 
half panel is more like that of a simply supported beam with a concentrated force 
at the middle ( Figure 6.35 for set 1, Figure 6.60 for set 2, and Figure 6.85 for set 
3 ). 
This type of force distribution suggests the tendency of the structure to work 
like a one way roof system, transferring a larger portion of the load in the direction 
of the short span. This effect will be more pronounced the larger the ratio of long 
to short span. 
The shape of the moment distribution diagrams is the same, independent of 
the parameters that are varied; however, the magnitudes are different. 1'1 the pre= 
sent case, the magnitude of Lhe bending moments in the crown beam is insensitive 
to the type of support condition at the corner as may be observed from the results 
of sets 1 and 2 ( Figures 6.35 and 6.36 for set 1, and Figures 6.60 and 6.61 for set 
2 ). The crown beam position, in contrast, produces a marked difference in values. 
The maximum moment obtained when the beam is upstanding is about half of the 
moment found with the beam downstanding ( Figures 6.35 and 6.36 for set 1, and 
Figures 6.85 and 6.86 for set 3 ). Again the crown beam position relative to the 
shell is an important design parameter. 
The maximum moments obtained by using the rule of thumb for design of the 
crown beams would be: 
MmaxE_w ::::::; 376 Kip - in (6.9.) 
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From the results for set 1 it is observed that the maximum moment in· the 
north-south direction ( Figure 6.36 ) is only about one third of the design moment, 
while the maximum moment in the east-west direction (Figure 6.35 ) is about 
half of the design moment. These results alone would suggest that the beams 
should be designed for a smaller load; however, as it is observed also in those 
moment distribution plots, that due to time effects these moments are amplified 
and after a long period of time the moment in the north-south direction reaches 
the maximum design moment, while the moment in the east-west direction dou-
bles the design value. Time dependent effects are further discussed in detail in 
later sections. 
Near the exterior edges of the roof the shell is steep and gives good support to 
the edge beams; therefore, the positive moments that develop in these beams in 
this region are attenuated and of no structural consequence ( Figures 6.37 and 6.38 
for set 1, Figures 6.62 and 6.63 for set 2, Figures 6.87 and 6.88 for set 3, and 
Figures 6.106 and 6.107 for set 4 ). The maximum moments in the edge beams are 
located near the comer support, where the stiff boundary conditions constrain the 
edge beams and make them work like cantilever beams. As the comer is highly 
constrained and large compressive forces act on the region, these large moments 
should not present a major structural problem. 
As a final comment on bending it is interesting to notice that the shape and 
intensity of the moments in the edge beams is practically the same in all cases, 
independent of the variation of those parameters being investigated. 
The size of the crown beams is an important detail which must also be consid-
ered. For set 1, with the beam downstanding, a total computed vertical deflection 
of -0.83 inches is obtained. When the structure is loaded with the weight of the 
shell only, a crown vertical displacement of -0.36 inches is found, by adding the 
weight of the edge beams, this deflection is increased to -0.39 inches. The deflec-
tion for these two load components accounts only for 47% of the total displace-
ment. The weight of the crown beam; therefore, is the dominant component with 
respect to the deflections at the crown. This same pattern of behavior is observed 
for sets 2 and 3, which have crown beams. For set 2, with a weak tension tie, the 
deflections are 60% larger than those for set 1 with the crown beams accounting 
for 40% of the crown deflection. For set 3, with the beam upstanding, the deflec-
tion is 20% smaller than that of set 1, but still 50% of that deflection is attributed 
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to the crown beams. Therefore, in order to avoid large deflections, it is important 
to use as small crown beams as possible. 
Diagrams showing the crack pattern distributions for each set are presented in 
Figures 6.49, 6.74, 6.99, and 6.114 respectively for sets 1, 2, 3, and 4. In this 
section, only the figures obtained at a time of 28 days after dead load application 
are significant. In all cases, except set 2, it is noticed that the shell is practically 
uncracked, with just some small cracks appearing on the top surface of the shell 
near the comer support. These cracks are oriented from the support to the crown 
indicating arching forces funneling the load to the support. For case 2, which has a 
small tension tie, extensive cracking is found, with cracks cutting completely across 
the sections along the shell and edge beam connection. These cracks reduce the 
stiffness of the structure and larger deflections are obtained. This behavior high-
iights the need for adequate tension ties, good anchorage of the ties or a massive 
support at the comer. 
For the sets with adequate ties, sets 1, 3, and 4, it is observed that the shell 
with the crown beams upstanding ( set 3, Figure 6.99 ) presents less cracking than 
the shell with the crown beams downstanding ( set 1, Figure 6.49 ). The upstand-
ing position makes the beam work more effectively, consequently relieving the 
stress level in the shell. The shell for set 4, which does not have crown beams, is 
completely uncracked at this time ( Figure 6.114), reinforcing the idea that much 
of the stressing in the structure is due to the weight of the crown beams, and 
suggesting again that these beams should be as small as possible. 
In all cases, some cracks appear at the bottom of the edge beams in the comer 
region at the crown. These cracks are considered to be of no consequence, as in 
that place the shear transfer from shell to beams is almost nil, and the small 
moments in the region can be easily supported by the cracked sections. 
The cracks in the crown beams at this time, indicate a poor design. These 
beams are placed in that position in order to stiffen the shell and pick up the load 
transferred by shear from the shell. A cracked section indicates that the beams are 
not able to support their own weight adequately. This type of cracking is observed 
for sets 1, and 2 with the crown beams downstanding ( Figure 6.49 for set 1, and 
Figure 6.74 for set 2 ) ,. being worse for set 2 as more bending is present due to the 
lack of a good support at the comer, a consequence of the small tension ties. 
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From this discussion it is concluded that, the crown beams size, position rela-
tive to the shell, and the support conditions at the comer are important design 
parameters which must be carefully considered. 
6.6.5. Load carrying mechanisms 
Several load carrying mechanisms may be identified at this point in which time 
dependent effects are still not present. 
First, an arching mechanism like the one sketched in Figure 6.19. This mecha-
nism is identified by looking at the contours for inplane normal stresses Nx and Ny 
( Figures 6.43 and 6.44 for set 1, Figures 6.68 and 6.69 for set 2, Figures 6.93 and 
6.94 for set 3, and Figures 6.108 and 6.109 for set 4 ), and from the orientation of 
the cracks present at this time ( Figures 6.49, 6.74, 6.99, and 6.114 respectively for 
sets 1, 2, 3, and 4 ). The maximum compressive values are located near the crown 
and pointing. to the corner support. The compressive stresses near the crown for 
the case with the beams downstanding, set 1, and without beams, set 4, are very 
similar suggesting that the shell is ignoring the beams and forming its own com-
pressive regions as if no beams were present. The weight of the beams, as dis-
cussed below, is carried by bending and twisting of the shell to the edges. For the 
case without crown beams it is possible to observe very clearly from the Nx and Ny 
contours how the shell accumulates compressive stresses as one moves from the 
comer to the crown along the crown lines. Set 2, which is the same as set 1 but 
with smaller tension ties, has basically the same stress distribution as that of set 1, 
with slightly higher values at the crown region ( 15% higher) indicating a similar 
arching effect. For the upstanding case, set 3, the contour distributions for Nx and 
Ny are similar to those of set 1 with the beams downstanding in the regions along 
the edges; but for the central crown zone the stresses are less than half of those 
observed in set 1. This stress distribution, for set 3, suggests that most of the load 
in the central region is transferred from the shell into the crown beams as com-
pressive force, and from there into the edge regions. 
Second, a bending mechanism is present. The deformed shape for one panel is 
presented in Figure 6.20, where the bending and twisting deformations are clearly 
observed~The amount of bending taking place varies with the parameters used and 
it is impossible to evaluate it using only membrane theory. The bending is due 
mainly to the dead weight of the beams and to the lack of compatibility between 
the shell and beams. As the dead weight of the beams act on the structure, the 
shell bends and twists in order to carry the load to the comer support. This support 
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is highly constrained due to the vertical wall which does not allow vertical displace-
ments and by the ties and in consequence works similar to a fixed support for the 
structure. The negative curvature ( using the engineering convention) in the entire 
region around this comer may be observed in Figure 6.20. 
The bending and rnristing contours are presented in Figures 6.46 to 6.48 for set 
1, in Figures 6.71 to 6.73 for set 2, in Figures 6.96 to 6.98 for set 3, and in Figures 
6.111 to 6.113 for set 4. From the bending and twisting contour distributions it is 
observed that some of the largest moment magnitudes are found around the corner 
support. The flat central region for sets 1, 2, and 3, deforms mainly with positive 
curvatures in bending ( using the engineering convention) due to the weight of the 
crown beams while very small rnristing is observed there. As one approaches the 
exterior edges, the bending from the central region, and the additional weight of 
the beams in these regions produce more bending and twisting here. The load is 
then transferred to the edge beams which pick it up through bending before mov-
ing it to the corner support. 
From the bending and twisting contour distributions for sets 1 and 4 ( Figures 
6.46 to 6.48 for set 1, and Figures 6.111 to 6.113 for set 4), it is possible to find 
an answer to a question raised above. Why the added beam weight for set 1, does 
not affects the inplane stresses in the shell? By comparing the contours, it is 
observed that for set 4, negative bending moments are present along the ridge lines 
with a sharp change to positive curvature. These moments are concentrated in a 
region around the crown point, with the rest of the shell supporting only small 
moments. For set 1; however, the bending moments are extended and covering 
completely the entire shell, with the maximum moment regions extended along the 
ridges and around the comer support. Therefore, the additional weight is not af-
fecting the inplane stresses in the shell, but it is through flexion of crown beams 
and shell, that it is transferred to the edges. 
The bending and twisting contour distributions for sets 1, and 3, are presented 
respectively in Figures 6.46 to 6.48, and in Figures 6.96 to 6.98. The bending and 
twisting contours are basically the same, the difference being their magnitudes, as 
those for set 3 are 25% smaller than those for set 1. It is interesting to note the 
large difference in the distribution and magnitude of bending moments in both 
shell and crown beams due to the relative position of the beams with respect to the 
shell. Compare the bending and twisting moment distributions in the shell for sets 
1, and 3 and also the bending moment distribution along the crown beams for the 
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same sets ( Figures 6.35 and 6.36 for set 1, and Figures 6.85 and 6.86 for set 3 ). 
With the beam upstanding, for set 3, the weight of the beams is loading the shell 
and producing hending within it. Part of the weight is also carried by the beam 
itself through bending; however, the shear transfer from the shell effectively de-
creases the bending in the crown beams, where the moments are observed to be 
half of those present for set 1 with the beams downstanding. When the crown 
beams are under the shell, the shear transfer produces additional bending mo-
ments in these members. This increment in bending deformation, in turn, produces 
the 25% increase in bending and twisting in the complete shell. 
The constraint condition at the support is also an important parameter. By 
looking at the moment distribution along the crown beams for sets 1, and 2 ( 
Figures 6.35 and 6.36 for set 1, and Figures 6.60 and 6.61 for set 2 ), and the 
bending and twisting distributions for sets 1, and 2 ( Figures 6.46 to 6.48 for set 1, 
and Figures 6.71 to 6.73 for set 2 ), it is observed that the magnitude of the 
bending moments in the shell almost double while the twisting is increased by 50% 
in the case when the tension tie is smaller. A similar increment in the bending 
moment of the beams is observed, however is just 25% larger. This increment in 
bending moments is considered to be the factor yielding the extensive cracking 
observed for set 2 with the small tension tie. 
In addition, for the case when crown beams are not present, set 4, differences 
in the bending and twisting moment contours are immediately observed, as men-
tioned above, when comparing with the cases where crown beams are present. The 
bending and twisting now concentrates in the central region, with higher values 
than in the cases when beams are present. The moments near the crown are 90% 
higher than those found for set 1. However, notwithstanding the larger bending 
moments, cracking is not observed at this time as this central region is under 
higher compressive stresses due to the absence of crown beams. Being that shell 
very thin, it is not an adequate design practice to have large bending moments 
present even if cracking is not produced. A small local overload or a small fabrica-
tion error in the geometry may produce even larger moments which may not be 
adequately absorbed by the structure. In conclusion, it is preferable to use small 
upstanding crown beams along the ridge lines which produces a more even distri-
bution of the bending moments over the entire structure, and which provides addi-
tional stiffness in these regions in case it is necessary. 
i 
! 
~. 
I 
l 
f 
.1 
1 
I 
1 
f 
J 
f 
-] 
85 
Finally, a third mechanism is the shear transfer mechanism. As discussed 
above, the shear transfer along the ridge lines may not be very good and depends 
on the size and relative position of the beams with respect to the shell; however, 
along the exterior edges, the transfer to the edge beams is in all cases very good as 
it may be observed from the axial force distribution plots along the edge beams 
( Figures 6.31 and 6.32 for set 1, Figures 6.56 and 6.57 for set 2, Figures 6.81 and 
6.82 for set 3, and Figures 6.104 and 6.105 for set 4 ). In all cases, the force in the 
beams approaches the membrane prediction very well. A sketch showing this 
mechanism is presented in Figure 6.21. 
6.7. Time dependent behavior 
In the preceding section the response of the roof system loaded with its dead 
weight has been described, and the different effects produced by changing some 
structural parameters have been discussed. In this section, the main objective is to 
determine the changes in the behavior of the gable roof due to the time dependent 
effects of creep and shrinkage. 
The initial loading occurred 28 days after the casting of the structure, and that 
date defines the initial material properties and the start of creep and shrinkage 
effects. The load is kept constant in time while creep and shrinkage deformations 
are generated as time evolves. A range of 10,000 days after the initial loading was 
applied is considered in this investigation. The changes in the structural response 
due to the time dependent deformations developed during this time interval are 
discussed now. 
6.7.1. Static check 
Some static checks through sections along the ridge lines are performed in this 
section. Figure 6.17 shows the location of sections A-A and B-B while the equilib-
rium checks of horizontal and vertical forces through these sections are given for 
set 1 and set 3, respectively in Tables 6.6. to 6.8. and in Tables 6.9. to 6.11. 
Checks are computed at three different times times for each set, at 28, 128, 
and 10028 days after casting. The loading and the material properties are initially 
defined at the 28th day. 
In all cases, the maximum amount of error is within acceptable ranges with a 
maximum of 8% in the, equilibrium of horizontal forces for set 3 at 128 days in the 
north-south direction. 
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By looking at the tables, a large force migration is observed in time among the 
different structural elements. An initial period is defined from 0 to 100 days after 
load application, in which the compressive force is transferred from the shell into 
the crown beams. A second period is also defined from 100 to 10,000 days after 
load application in which the load is transferred back into the shell and into the 
edge beams. 
A considerable amount of force is redistributed among the different structural 
elements as time evolves. In general, it may be observed that for set 1 the shell 
carries most of the compressive load at all times, while for set 3 the crown beams 
are the members which carry most of the load. Some of the causes will be ex-
plored in the following sections 
6.7.2. Behavior stages 
From the results obtained, three stages have been defined in order to describe 
the response of the roof. These stages are described here in relation with the crack-
ing patterns developed in time for each set. The cracking patterns are presented for 
sets 1, 2, 3, and 4, respectively in Figures 6.49, 6.74, 6.99, and 6.114. 
The initial stage starts at the 28th day ( Figures a, b, and c for each set), right 
after the forms have been removed and the structure loaded with its own dead 
weight and exposed to the environment. There might be some initial cracking due 
to the dead load, such as that for sets 1 through 3, which extends during this stage. 
However, the cracking is localized in the shell in the region near the corner support 
and the cracks do not pass completely through the section. Cracking in the beams, 
if present, is not further extended. 
The second stage starts some time before 100 days after the application of 
load ( Figures c, and d for all sets). It is characterized by the propagation of the 
cracks in the shell extending from the initial cracked regions. Especially important 
is the cracking in the shell extending along the connection between the shell and 
the edge beams because these cracks cut completely through the section. A reduc-
tion in the overall structural stiffness is observed as a consequence of this crack-
ing. AIlother important aspect during this stage is that no additional cracking is 
observed in the beams. 
The extension of the cracked regions varies with the parameters considered. 
With the crown beams downstanding ( Figure 6.49, and 6.74 respectively for sets 
1, and 2 ), the cracks propagate from the corner support following the connection 
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with the edge beams and covering up to three quarters of the distance from the 
support to the top comer. For the crown beams upstanding ( Figure 6.99 for set 
3 ), the cracks do not concentrate at the corner support, but appear all around the 
boundaries of the shell panel close to edge and crown beams; however, complete 
cracks through the section develop only along the edge beams. For the case without 
crown beams ( Figure 6.114 for set 4 ), some cracking also appears along the edge 
beams, ~ut in smaller extensions and not concentrated at the support. In addition, 
for this case some cracks due to positive moments appear at the central region . 
The third stage of behavior starts after 100 days and it is characterized by the 
cracking of the beams, especially the crown beams ( Figures e, and f for all sets ). 
At the end of this period, after 10,000 days of loading application extensive crack-
ing is found in all cases. The different parameters, however, have influence on the 
extension and severity of the cracking occurring in the structure. 
Consider set 1 with the crown beams downstanding ( Figure 6.49 ). Initially 
some cracks appear at the bottom of the crown beams near the crown point and 
some other cracks are observed at the top of the edge beams near the comer 
support. By the end of this stage a significant amount of cracking is found all over 
the crown and edge beams. Some of the cracks pass completely through the sec-
tions. In addition to the beams, the shell cracks even more than in the second 
stage, and at the end, the corner support region is severely cracked. The boundary 
with the edge beams is completely cracked all along and through the section. Some 
additional cracking is observed along the north-south crown beams with the cracks 
starting at the bottom of the section. 
Set 2 ( Figure 6.74 ), which is similar to set 1 but with a smaller tie, presents a 
cracking pattern similar to that of set 1, but even more extensive. This is not 
strange as from the outset, for this case, the amount of cracking was already more 
pronounced. 
The shell and beams have different amount of shrinkage and drying creep due 
to their different volume to surface ratios and to their shape. In order to determine 
how much of the cracking observed for sets 1, and 2 was due to the gradient of 
inelastic deformations at the shell-beam connection, another analysis, whose re-
sults are not shown here in detail, was carried out. The model is identical to that of 
set 1, except that the creep and shrinkage properties of shell and beam materials 
are the same. The amount of cracking observed during stages 1 and 2 is reduced, 
as expected. However, for stage 3, the cracking in the shell and the deformations 
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are basically the same as for set 1. The difference between the two cases consists 
mainly in a substantial reduction in the cracking patterns observed in the beams. 
Cracks cutting through the sections completely are not found for this case. A con-
clusion from this comparison is that a good design practice would be to use as 
much as possible the same volume to surface ratios for beams and shell. 
For set 3, with the beam upstanding ( Figure 6.99 ), the shell develops cracks 
slicing through the section near the crown point; however the cracks do not propa-
gate into the beams as much as for set 1. Cracking around the corner support is 
also observed, but again in a smaller scale than that observed for set 1. Another 
important difference is that the edge beams do not develop further cracking from 
that developed during stage 2. 
Finally, for set 4, which does not have crown beams (Figure 6.114 ), stage 3 is 
noticed by the development of cracks in the shell due to positive moments in the 
region around the crown point. Other than that, an extensive cracking as in the 
other cases is not observed here. The edge beams, in contrast with the shell, show 
as much cracking as that found for set 1. 
6.7.3. Behavior during first and second stages 
These two stages develop during a time interval of over a hundred days after 
loading. The cracking characteristics have been described already and in this sec-
tion additional aspects of the response are discussed, 
6.7.3.1. Deformations 
For this discussion look at the plots of vertical displacement at the crown point 
and horizontal displacement at the top corner points versus time ( Figures 6.27 and 
6.28 for set 1. Figures 6.52 and 6.53 for set 2, Figures 6.77 and 6.78 for set 3, and 
Figures 6.102 and 6.103 for set 4 ). As observed, the deformations in all cases 
increase slowly at the beginning, but with a higher rate as the time progresses. This 
is especially true during stage 2, approximately after 100 days, when the shell 
cracks at the jOint with the edge beams resulting in a more flexible structure, and 
allowing a higher increase of deflections. The horizontal motion of the comer 
points is inwards during these stages while the crown point moves downward. 
6.7.3.2. Crown beams 
Compressive axial forces accumulate in these elements during this period as 
observed in the axial force distribution plots for the crown beams ( Figures 6.29 
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and 6.30 for set 1, Figures 6.54 and 6.55 for set 2, and Figures 6.79 and '6.80 for 
set 3 ). By the end of stage 2, the compressive force in the members reaches a 
maximum. 
An analogy between the behavior of a simply supported beam with compres-
sion reinforcement and the gable roof with the crown beams as reinforcement may 
be qualitatively devised. In the beam, as the deformations due to creep and shrink-
age increase, a redistribution of stresses is developed with part of the compressive 
force migrating from the concrete to the steel bars, that is, from the material with 
inelastic deformations to the one without them. In the gable, the concrete shell, 
unloads during this period, with a large part of this force migrating to the stiffen-
ing elements, which are represented by the crown beams. 
From the bending moment distribution plots ( Figures 6.35 and 6.36 for set 1, 
Figures 6.60 and 6.61 for set 2, and Figures 6.85 and 6.86 for set 3 ), it is evident 
during this time interval, that the magnitude of the bending moments present in 
these members depends on the relative position with respect to the shell. 
For the downstanding beams ( set 1, and 2 ), large bending moments develop 
in the interior half of the panel due to self weight and the shear transfer from the 
shell coming into the top of the beam. The positive moments during this period, 
triple their initial magnitudes reaching their maximum values. For the exterior half 
~-- .. -
of the panel, in contrast, the moments remain constant. 
For the upstanding beams ( set 3 ), the response is quite different. The mo-
ments in the north-south beam remain practically constant during these stages, 
and for the east-west beam although there is an increase, it is insignificant when 
compared to the one computed for the case with the beams downstanding. 
6.7.3.3. Edge beams 
The compressive force in these beams also increases in this time interval, but 
In a small amount, and for practical purposes it might be considered to remain 
constant ( Figures 6.31 and 6.32 for set 1, Figures 6.56 and 6.57 for set 2, Figures 
6.81 and 6.82 for set 3, and Figures 6.104 and 6.105 for set 4 ). This type of 
response is found to be the same, independent of the parameters varied. 
6.7.3.4. Interaction diagrams 
The interaction diagrams at several sections near the crown point have been 
computed and plotted for all sets in Figures 6.41 and 6.42 for set 1, Figures 6.66 
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and 6.67 for set 2, and Figures 6.91 and 6.92 for set 3. In these diagrams, the 
initial position is plotted each section considered, and also the path it follows in 
time as creep and shrinkage redistribute the forces. From these plots, it is observed 
the low stress levels to which the crown beams are subjected. As time increases, 
the moments increase, but the same happens with the compressive forces, and as a 
consequence, the path traced on the interaction diagrams moves to the safe side, 
away from the failure zone. 
6.7.3.5. Shell 
For the cases where crown beams are present the compressive stresses in the 
shell decrease in extension and intensity during this period. For the downstanding 
beams ( Figures 6.43 and 6.44 for set 1, and Figures 6.68 and 6.69 for set 2 ), the 
stresses in the area around the crown point decrease to about one third of their 
initial value. For the upstanding beams ( Figures 6093 and 6.94 for set 3 )1 a 
decrease is also observed, and by the end of the second stage it even goes into 
tension. A force migration to the crown beams is then observed throughout this 
period. 
For the case without crown beams ( Figures 6.108 and 6.109 for set 4 ) the 
compressive stresses at the crown cannot migrate anywhere else and consequently 
the compressive areas remain practically the same. The stress intensity increases 
about 10% due to the time dependent deformations. 
For the roof with downstanding beams ( sets 1, and 2 ), the tensile zones are 
localized at the top exterior corners oriented along the crown beams, and in thin 
fringes along the midspan of the edge beams. At the top corners, the intensity 
increases by a factor of four, while beside the edge beams, the tensile zones extend 
until a large tensile band running from crown to support is identified. 
For the roof with upstanding beams ( set 3 ), the tensile bands beside the edge 
beams are also observed. Along the ridge lines, the tension zone is not isolated 
around the top corner, but extends all along the crown beams with the higher 
intensity near the crown point. Compression is found only in some isolated regions 
near the middle of the panel. 
For the case without crown beams ( set 4 ), the only tension regions are the 
tension bands beside the edge members. 
The presence of these tensile regions, especially the one covering the comer 
support, suggests that the arching effect is not as effective any more. The only 
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arching, if any is present at all, takes place around the comer support and is 
directed towards the edge beams. 
The contour distribution for the shear stresses remains practically constant 
during these stages, with only small variations in the magnitudes of the shears 
( Figure 6.45 for set 1, Figure 6.70 for set 2, Figure 6.95 for set 3, and Figure 
6.110 for set 4 ). 
During the first stage, the twisting and bending contours are seen to remain 
constant without major changes from their initial distribution ( Figures 6.46 to 6.48 
for set 1, Figures 6.71 to 6.73 for set 2, Figures 6.96 to 6.98 for set 3, and Figures 
6.111 to 6.113 for set 4 ). However, during the second stage, an increase in the 
intensity of the moments is noticed. During the second stage, extensive cracking 
takes place, especially along the edge beams, where the cracks cut completely 
through the sections. Tne sheil loses stiffness aiong these connections and it is able 
to rotate more with the consequent increase in the deformations, which in turn 
produces an increase in the bending of the structure. 
The twisting contours change during the second stage. Twisting which initially 
is isolated and of low intensity, now propagates into an L shaped band. Higher 
twisting values are identified from the contour plots running from the top comers 
to the lower support. For .the downstanding beams case ( sets 1 and 2 ), the twist-
ing intensities double. For th'e upstanding beams case ( set 3 ), the intensity de-
creases but extends over a wider area, and finally for the case without crown 
beams ( set 4 ), there is also some increase of the intensities although not as high 
as the one observed for sets 1 or 2. 
6.7.3.6. Load carrying mechanisms 
During the first stage, The mechanisms are the same as those discussed above 
in section 6.6.5. for the time independent analysis, that is, arching effect, bending 
and twisting, and shear transfer mechanisms. Sketches of these mechanisms are 
shown in Figures 6.19 to 6.21. The arching mechanism is reduced as suggested by 
the decaying stresses in the shell. The bending and twisting mechanisms remain 
constant. Finaliy the shear transfer mechanism is more active as an increase in the 
beams compressive force is observed while the shell is unloading. 
During the second stage, in spite of the cracks that develop beside the edge 
beams, load transfer is. still possible parallel to the cracks and then it is transferred 
through shear into the edge members as shown in Figure 6.22. The arching mecha-
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nism is substantially reduced for sets 1 and 4 as now the region around the lower 
support is working in tension. For set 3, with the upstanding crown beams, the 
arching mechanism disappears completely as the shell goes almost completely into 
tension". 
The bending and twisting mechanisms for the second stage become more ac-
tive with higher bending and twisting moments observed for all sets. 
6.7.3.7. Causes of behavior 
The shell and beams creep and shrink at a different rate, with the shell having 
a higher value. The difference in deformations accumulates tensile strains in the 
shell, especially near the edge beams, further propagating the cracks already exist-
ing around the support. 
A consequence of the additional cracking is a decay in the overall stiffness. 
Once the cracks have propagated along the edge beams a definite change in the 
response of the structure is observed with a shift in the structural response. The 
arching mechanism becomes less effective, while the bending and twisting of the 
structure take on a more important role in the behavior. 
6.7.4. Behavior during third stage 
The already extended cracking pattern developed during" the second stage is 
even further extended during this period. The most significant cracks are those that 
develop in the crown beams, and which further reduce the stiffness of the .. system. 
6.7.4.1. Deformations 
A large increment in the deformations occurs during this stage. By looking at 
the vertical displacement plots along the crown beams it is observed that more than 
half of the total deflections occur now ( Figures 6.25 and 6.26 for set 1, Figures 
6.50 and 6.51 for set 2, Figures 6.75 and 6.76 for set 3, and Figures 6.100 and 
6.101 for set 4 ). 
From the plots of vertical displacement at the crown point, and horizontal 
displacements at the comer points ( Figures 6.27 and 6.28 for set 1, Figures 6.52 
and 6.53 fc:r set 2, Figures 6.77 and 6.78 for set 3, and Figures 6.102 and 6.103 for 
set 4 ), it is observed that for all cases when crown beams are present, the comer 
points stop moving inwards at a time around one thousand days, while the crown 
point slows down its vertical motion but still continues moving downwards. When 
crown beams are not present, the vertical motion at the crown point also stops, 
even before the comer points do. 
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6.7.4.2. Crown beams 
As mentioned in the previous section, for the cases with crown beams, the 
corner points stop their inward motion at a certain time. When this occurs, the 
central region, which is still deflecting downwards, hangs from the comers. Ten-
sion is then induced in the crown beams, and a substantial unloading is observed 
in the axial force distribution plots ( Figures 6.29 and 6.30 for set 1, Figures 6.54 
and 6.55 for set 2, and Figures 6.79 and 6.80 for set 3 ). This tension, together 
with any already present, activates extensive cracking of these members. A de-
crease in the global stiffness comes as a consequence of the cracking. 
In spite of the increasing deflections in the central regions, for the downstand-
ing beam cases ( Figures 6.35 and 6.36 for set 1, and Figures 6.60 and 6.61 for set 
2 ), the moments remain practically constant. For the upstanding beam case ( Fig-
ures 6.85 and 6.86 set 3 ), in which the moments had remained constant during the 
first two stages, the positive moments decrease, and by the end of the third stage 
even some negative moments are observed at the crown point. This unloading is 
attributed to the tensile forces being applied to the crown beams by the comer 
regions which are fixed at this time. 
6.7.4.3. Edge beams 
A decrease in the axial forces in the edge members is also observed, although 
not as drastic as the one in the crown beams ( Figures 6.31 and 6.32 for set 1, 
Figures 6.56 and 6.57 for set 2, Figures 6.81 and 6.82 for set 3, and Figures 6.104 
and 6.105 for set 4 ). The bending moments, however remain constant (Figures 
6.37 and 6.38 for set 1, Figures 6.62 and 6.63 for set 2, Figures 6.87 and 6.88 for 
set 3, and Figures 6.106 and 6.107 for set 4 ). 
6.7.4.4. Interaction diagrams 
The path followed on the interaction diagram during stages 1 and 2 was in the 
dir~ction away from the failure surface. At this stage, a change in direction is 
observed due to the unloading of the crown beams, with the new direction pointing 
toward the failure surface ( Figures 6.41 and 6.42 for set 1, Figures 6.66 and 6.67 
for set 2, and Figures 6.91 and 6.92 for set 3 ). In the present case, the unloading 
is not of consequence. in a strength respect, because of the small load level to 
which the beams are subjected. 
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6.7.4.5. Shell 
As the crown beams unload, the compressive force is transferred back to the 
shell. Practically the complete shell works in compression by the end of this stage 
for all 'sets ( Figures 6.43 and 6.44 for set 1, Figures 6.68 and 6.69 for set 2, 
Figures 6.93 and 6.94 for set 3; and Figures 6.108 and 6.109 for set 4 ). 
The tensile bands that had appeared during stage 2 beside the edge beams 
disappear and compressive forces concentrate in those regions. By the end of this 
stage two compressive bands are observed beside the two edge beams and extend-
ing from crown to support. These two bands work essentially as two compressive 
struts, and the shell, now being able to transport the load by itself, relieves some of 
the load from the edge beams. 
For the shells with crown beams ( sets 1 to 3 ), a tensile region aligned to the 
crown beams at the top comer is still found to be present. This region is produced 
by the central portions of the structure which are hanging from there. The load is 
then transmitted to the compressive bands and edge members. 
When crown beams are not present ( set 4 ), tensile regions are practically not 
existent, and two compressive bands are observed in each direction close to the 
ridge lines and edge beams. 
From the bending and twisting contour plots for this stage no significant 
change is observed from those obtained during stage 2 ( Figures 6.46 to 6.48 for 
set 1, Figures 6.71 to 6.73 for set 2, Figures 6.96 to 6.98 for set 3, and Figures 
6.111 to 6.113 for set 4 ). For practical considerations bending and twisting may be 
considered to remain constant during this stage. 
6.7.4.6. Load carrying mechanisms 
From the discussion in the previous section, it is considered that the bending 
and twisting mechanisms do not change further from those observed during the 
second stage; however, significant changes in the inplane force distributions are 
observed. 
The central zones of the structure move downwards initially pulling the top 
comers or the panel to the inside; however, at a certain time, the resulting defor-
mation on the exterior sections of the panel activates the large inplane stiffness 
provided by the shell. As a result two large compression bands are observed beside 
the edge beams. At the moment that these bands appear, the inward motion of the 
comer points is stopped. These bands start working then as supports for the flat 
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central region. Continuing downward motion of the central crown region yields an 
unloading of the crown beams with the force being transmitted back to the shell. 
The cracking patterns at the end of this stage near the exterior edges, clearly 
show the orientation and flow of the compressive force through the compressive 
bands as observed in Figure 6.23. 
The cracks near the edge beams orient parallel to the boundary· allowing for 
force transmission parallel to the cracks. This orientation; however, reduces the 
effectiveness of the shear transfer from the shell into the edge beams, and in 
addition, as the shell is now able to transport the load by itself, the edge beams 
unload. 
The arching mechanism is activated again for all sets with the appearance of 
the compressive bands in the shell. Practically the complete shell is working in 
compression with the exception of the top corner regions. The compressive forces 
are transmitted from the central region into the compressive bands and edge mem-
bers, which then carry the load to the support. Figure 6.24 presents the arching 
mechanism for this stage. 
6.7.4.7. Causes of behavior 
The cracking produced by the redistribution of stresses, especially that ob-
served in the crown beams;-is considered to be the principal reason for the behav-
ior observed during this stage. Cracking forms new alternative paths through which 
the transference of force takes place. 
6.8. Time dependent effects on strength 
Some of the changes in structural behavior due to creep and shrinkage have 
already been discussed;· however, nothing has been said about changes on the load 
capacity of the structure. It is the purpose of this section to evaluate these changes 
and to identify the failure mechanisms in both situations, when time dependent 
effects are and are not considered. 
Failure analyses are performed for sets 1 and 3, which respectively have the 
crown beams below and above the shell. For each set, two failure analyses are 
performed, the first just after the forms are removed at the 28th day, and the 
second 10,000 days after the stripping of the forms. Before the removal of forms, 
it is assumed that good curing conditions have been attained, therefore creep and 
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shrinkage have not developed as of that time. For the first analysis, the dead load 
is applied in four increments at the 28th day, and immediately, additional incre-
ments of uniformly distributed load are applied over the whole shell until failure is 
accomplished. Temporal effects of creep and shrinkage are not present in the first 
analysis. For the second analysis, the dead load is applied at the 28th day and is 
maintained constant for a time period of 10,000 days, through which the structure 
shrinks and creeps. At the end of that period, increments of uniformly distributed 
load are applied on the shell until failure is observed. A comparison of the differ-
ent capacities is then performed, together with determination and comparison of 
the failure mechanisms. 
6.8.1. Reduction of load carrying capacity 
A decrease in the load carrying capacity of gable roofs have been already 
observed in studies by Kabir [45], and by Chan [25]. In this investigation, some 
failure analyses are carried out on the structure, in order to evaluate the changes in 
strength, and the effects on these changes due to the relative beam position with 
respect to the shell. 
Consider first the case where the crown beams are downs~anding, set l. Figure 
6.115 presents the vertical displacement at the crown point for the two analyses, 
due to the total load applied on the roof. A reduction of 50% in the load carrying 
capacity is observed due to the effects of creep and shrinkage acting on the struc-
ture. In addition, for this point, a softer response is observed under further loading 
for the second analysis, which considers temporal effects. This is not a surprise, as 
in that case, extensive cracking is observed before any additional loading is applied 
(Figure 6.49f). 
Now consider, the case with the crown beams upstanding, set 3. A reduction of 
25% in the load carrying capacity is observed in Figure 6.116 when time dependent 
effects are active. In addition, for the crown point, it is observed that the response 
for both analyses is very similar with the crown point popping up. 
It is important to notice that not only creep and shrinkage are affecting the 
capacity, but that also the design parameters have a large influence on it. The total 
capacity for both sets 1, and 3, is basically the same when temporal effects are 
ignored; however, a reduction of 25% of this total capacity is found to be produced 
by the relative positioning of the crown beams with respect to the shell. This per-
I' 
1. 
i 
I 
I 
r 
L 
J 
J 
... , 
j 
I 
1 
I 
I 
. J 
97 
centage of reduction is of the same order as that found when temporal effects are 
considered in the case with upstanding crown beams. 
6.8.2. Change in failure mechanisms 
The failure mechanisms are identified by looking at the crack patterns and the 
orientation and location of yielding steel at the time of failure. The observed 
mechanisms for sets 1, and 3 are discussed in this section. 
First consider set 1, with downstanding crown beams. From Figure 6.117, ob-
tained when temporal effects are not included, it is determined that the failure 
occurs by the tearing of the shell when the steel yields in a diagonal direction at the 
lower corner support. This type of failure is propitiated by the large inplane forces 
concentrated in that region. When creep and shrinkage are considered in the analy-
sis, a different type of failure is observed. From Figure 6.118 the failure is deter-
mined to be a result of the yielding of the bottom steel in the crown beam due to 
bending. The failed crown beam is oriented in the short span direction (east-west 
direction) . 
In consequence, it is determined that for downstanding crown beams, an effec-
tive change in the failure mechanisms is achieved with a shift from an inplane 
force failure mode to a bending type mode. This is a significant change, as it 
represents a shift from a stiff to a flexible structural response. This change in 
mechanisms explains the 50% reduction in the total load capacity of the structure . 
Consider now set 3, with the upstanding crown beams. In this case, for the 
initial analysis without time dependent effects, it is observed from Figure 6.119 
that the failure mechanism is a combination of both inplane forces and bending 
mechanisms which produce large yield lines extending through the shell. When 
time dependent effects are considered, the behavior is observed to be very similar 
to the one obtained without these effects. Figure 6.120 shows the failure mecha-
nism which is similar to that of Figure 6.119, with the difference being that more 
yielding of the steel is observed. This is a consequence of the creep and shrinkage 
deformations. which extend the flatter regions of the shell with an increment of 
bending deformations occurring in the shell. 
For upstanding crown beams, therefore, a dramatic change in the failure 
mechanisms of the roof is not observed; however, due to the time dependent defor-
mations of creep and shrinkage, additional bending is introduced with the conse-
quent reduction in the capacity by 25% from the initial value. 
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In conclusion, it is observed that time dependent effects always reduce the load 
capacity of the gable roof. In this case, a minimum reduction of 25% was found. 
In addition, it is found that the relative position of the crown beams with respect to 
the shell is again an important parameter when creep and shrinkage are consid-
ered, and that may account for an additional reduction in the capacity of the same 
order as that due to creep and shrinkage alone. This additional reduction is a 
consequence of the coupled effect of creep and shrinkage acting on the structure 
with the crown beams downstanding position. 
6.9. Comments on time dependent effects 
Creep and shrinkage, through the deformations and cracking they produce, can 
effectively create new alternative paths through which the load is transferred. 
Some of these changes may dramatically alter the expected response of the struc-
ture against further loading. 
Some questions may arise from this study. Why are the changes in behavior 
taking place after 100 days and not just right at the beginning? Why most of the 
cracking takes place after 1000 days and not before? Are not creep and shrinkage 
important just during the first couple of months only? 
Some of the clues to answer these questions are obtained from the type of 
creep and shrinkage functions used to represent the material of this structure. 
Figures 6.1 and 6.2 present these functions. 
In the first place, it must be remembered that the creep compliance does not 
reach a final value, but it is always increasing and in the limit it approaches a 
straight line using the logarithmic time scale. 
Second, shrinkage actually reaches a final value. In this problem, this value is 
reached at around one thousand days, with the highest rate of increase developing 
before that time. 
From these observations, it is concluded that creep and shrinkage are not lim-
ited in their actions to a couple of months only, and in this specific problem, it is 
during a period of one thousand days after the removal of forms, when most of the 
deformations due to creep and shrinkage take place. By that time shrinkage starts 
decaying, but creep continues. 
In addition, the deformations due to creep and shrinkage are incremental. The 
deformations build up in time, and due to the presence of constraints ( reinforcing 
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steel, supports, stiffer elements ), tensile stresses develop in the concrete until the 
tensile capacity is reached. Cracking has a significant influence on the overall 
behavior, as it weakens the structure in certain directions and forces redistribution 
of stresses to sections which were unstressed before. This redistribution, together 
with the stresses produced by time dependent deformations produce even more 
cracking. Consequently, cracking propagates over the structure, weakening the ma-
terial a~d forcing further stress redistributions which in turn, produce even more 
cracking. 
The expansion of cracking is not instantaneous, it takes time to develop. This 
time is directly related to the creep and shrinkage properties of the concrete used. 
It is the time variation of these properties what forces cracking to propagate fur-
ther. 
Finally, it must be noticed that the effects of creep and shrinkage are usually 
visualized for their effects on simple elements such as beams or columns, or even 
plates, in which the greater effect is on the serviceability of the members, but 
rarely on their strength. It is common, for example, to expect that the deflection of 
a beam, which is designed for bending, will increase three or four times its initial 
value, but there is no concern about a change in the flexural carrying mechanism, 
or about a change in its strength. For the present type of structures being analyzed; 
however, this is no longer true. For gable roof systems, not only the deformations 
are going to be several times larger than those observed in beams or plates, but 
most important, the basic load carrying mechanisms may change in time, passing 
from one dominated by membrane inplane stresses, to one reacting mostly in 
bending, which is more flexible, and one for which the structure has not been 
designed. Moreover, even if the initial mechanism does not change, it will behave 
differently, as the extensive cracking produced by creep and shrinkage will trans-
form the structure into a weaker one. 
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CHAPTER 7. 
CONCLUSIONS AND RECOMMENDATIONS 
7.1. Elements and material model 
The current material model, as developed and implemented in this investiga-
tion, is shown to be able to reproduce a wide range of experimental results. The 
examples presented in Chapter 5. represent such a wide range of tests which em-
ploy beam and shell elements at both the element and structural level. From the 
results obtained, it is possible to conclude that the material model can be used with 
confidence to investigate the time independent and the time dependent behavior of 
beam and shell structures. 
The methodology employed to perform a time dependent analysis is based on 
the assumption that creep and plastic strains are uncoupled. This assumption is 
found in this study to give good results for cases in which the constant load level 
applied to the structure is low before creep and shrinkage are active. With a low 
load level plastic strains are virtually not existent in the structure, and the creep 
strains generated do not interact with the plastic ones. The application of dead load 
weight plus a normal live load fall within the classification of a low load level for 
beam-shell structures. 
For cases in which the stresses produced by normal loads are high, a proce-
dure which considers the interaction of inelastic creep and plastic strains may be 
required as mentioned in Chapter 2.; however that was not found to be the case 
here. 
The layered elements efficiently introduce the material nonlinearity; however, 
a further improvement is required for the beam element in order to introduce the 
stiffness \vith respect to the weak principal axis, and torsional stiffness. The lay-
ered concept may be replaced with a filament concept in order to introduce resis-
tance in the weal-. axis direction, but the torsional stiffness cannot be incorporated 
in any of these models directly. An ad-hoc method was used by Chan [25], in 
which the torsional stiffness was evaluated as a property of the section employing 
torsional moment-rate of twist diagrams provided by the user; however, this is not 
the best method to characterize torsional stiffness, specially when cracking occurs. 
More research is necessary in this aspect. 
Drying creep and shrinkage are actually diffusion problems; however, as Im-
plemented in this study, they are considered as average properties of the section of 
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the element, and no variation through the thickness is allowed. This approach does 
not consider the influence of the history of environmental relative humidity. Never-
theless, it is still an adequate method to study the basic effects of creep and shrink-
age on the structures in an average sense, and important information on the behav-
ior is obtained with this method. For cases in which a more precise determination 
of the influence of the relative humidity is required, a diffusion problem would 
have to be solved in order to determine the local humidity at a point in the con-
crete, and then the drying strains must be evaluated at the point. Reference [19] 
presents an approach of this type. 
The creep model implemented in this investigation is a linear creep model. 
Nonlinearities due to high stresses in the concrete are introduced in a relatively 
simplistic form by using scaling factors on the elastic creep strains. In the present 
case, this approach was estimated to be correct as creep under high stress states 
are not considered. Nonlinear expressions incorporating this type of nonlinearity 
are not well developed yet and more research is necessary in order to include it 
adequately. 
Finally, on the experimental aspects of creep and shrinkage, it is found that 
well planned and controlled experiments for plates or shells are lacking. These 
experiments are necessary in order to check and calibrate the analytical models. 
7.2. Parametric study for gable roof 
Time dependent effects on gable roof systems affect considerably the service-
ability of the structure; and in addition, they affect drastically the strength and load 
capacity against further loading, in contrast with simpler structures such as beams. 
In beams. after a long time, it is expected to observe deformations of the order 
of three to four times the initial ones. In gable roofs, the deformations increase by 
a factor of three to eight, or even more. 
Creep in general, reduces the high stress concentration observed in certain 
regions by redistributing it to lower stressed areas. This redistribution is accom-
plished by inelastic deformations which are dependent on the stress level. In gable 
roofs, time dependent effects trigger a change in the load carrying mechanism of 
the structure. The basic response changes from one basically reacting through in-
plane forces, to one in which bending is the dominant behavior. This change im-
plies a shift from a stiff to a flexible mechanism. As a consequence of this change 
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in response, the structure will support the acting load in a different form than that 
in which it was. supposed to do it. The structural design, then may not be com-
pletely suitable any more. 
The degree of change in deformations, and load carrying mechanism are de-
pendent on many design parameters, some of which may be incorrectly considered 
as irrelevant. Some of these parameters have been considered in this work and the 
results are summarized next. 
The first parameter is the effect of having the same creep and shrinkage prop-
erties in both beams and shell. The effect on the response is to reduce the amount 
of cracking in the structure, especially in the shell along the connection with the 
beams; however, the effect is not that important so as to change the behavior of 
the same structure assumed to have different creep and shrinkage properties after 
long periods of time. 
A good design criterion in this respect, would be to use as much as possible 
the same volume to surface ratio for both shells and beams, and the same type of 
concrete. 
A second parameter studied is the support restraint condition, which is mod-
eled by varying the amount of steel present in the tension tie. A weak support 
amplifies the deformations, and increases the stresses in magnitude and area af-
fected. As a result, the roof works in bending from the very beginning of the 
loading without a change in response observed to come from time dependent ef-
fects. The effect of creep and shrinkage, for the weak support case, is simply to 
amplify the deformations with the consequent increase in bending and cracking 
produced by bending. 
From Table 7.1., the displacements for sets 1 and 2 are compared. The instan-
taneous deflections obtained at the 28th day are 160% larger for set 2 with the 
smaller tie. After 10000 days of load application the final deflections are just 30% 
larger for set 2. These values are more similar after long periods of time where set 
1 changes -to a bending mechanism. Nevertheless, the deflections for set 2 will 
always be larger as more cracking is developed for that set from the outset. 
A good design procedure emerging from these results indicates that the condi-
tions at the support must be as restrained as possible in order to preserve the 
mechanisms of inplane stresses and arching . Massive supports or prestressing 
should be considered, specially for the larger spans. 
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A third parameter is the size of the crown beams. This parameter is studied 
indirectly from the results of sets 1, 3, and 4, which respectively have crown beams 
under, and above the shell, and no crown beams at all. The weight of the crown 
beams is important because it represents a large percentage of the total roof weight 
( 12% in this case ) and it influences the behavior of the total structure. From 
Table 7.1. using the results of set 1 as a reference, a decrease in the instantaneous 
deformations of 22% for set 3 and 78% for set 4 is observed. After 10000 days a 
decreas'e is observed on the order of 34% for set 3 and 76% for set 4. A noticeable 
difference in the displacements is observed between the cases with and without 
beams. 
In addition, it has been observed that for the cases with crown beams under 
the shell and with no crown beams, the shell itself forms compressive bands run-
ning along the ridge lines to make up for the lack of stiffeners or for the wrong 
positioning of them. 
From these observations, a question immediately arises: why to use crown 
beams at all? It would seem that the structure will perform better without crown 
beams; however, from the contour plots for bending and twisting for set 4, it is 
observed that these stress resultants concentrate in a region around the crown 
point, where the shell is flatter. This concentration is more pronounced by time 
dependent effects, which increase the deflections and cracking in that region. Be-
ing that the shell is thin, its bending stiffness is relatively small compared to the 
stiffness against inplane displacements, and it is not convenient to have it working 
in bending. Additional bending stiffness is added to thin shells by coupling stiffen-
ers or beams, but these elements must be small enough as to not overload the shell 
with their weight. 
A good design practice in this respect would be to provide small crown beams. 
These beams are required to provide some bending stiffness in the flat central 
region. This additional strength is required to account for some accidental local 
o'ierloads in that region, or against a possible fabrication error which could yield a 
flatter shell than planned. 
A fourth parameter considered in this investigation is the effect of the relative 
position of the crown beams with respect to the shell. This parameter may seem 
unimportant, but it is found to have significant influence on the structural re-
sponse. Sets 1 and 3, respectively with crown beams below and above the shell, are 
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used to investigate this effect, and it is observed that the stress distributions in the 
shell depend to a large degree on this parameter. 
From Table 7.1. it is observed that the instantaneous deformations at the 
crown point increase 30% when the beam is positioned downstanding. A further 
increase is observed after creep and shrinkage act on the structure with a final 
increment of 51 % in the downstanding case compared to that with crown beams 
upstanding. Therefore, the difference in deflections is aggravated with time de-
pendent effects. 
With the crown beams upstanding, the shell has smaller inplane and bending 
stresses, with the forces in the crown beams approaching the predicted membrane 
values. Moreover, this positioning avoids the amplification of bending moments in 
the crown beams as the shear transfer from the shell is performed through the 
bottom part of the member, counteracting in that form, the moments due to self 
weight. 
Downstanding crown beams are observed to be useless for the shell, specially 
in the flat regions. The crown elements end up being virtually unstressed with the 
shell providing its own compressive bands along the ridge lines. Furthermore, 
these compressive bands are of the same intensity and extension as those found 
when crown beams are not present. In addition, when creep and shrinkage act on 
the structure, the bending moments in these elements are amplified due" to the 
shear transfer from the shell through the top portion of the beams. In the present 
study, an amplification factor of three is found. 
A good design practice, therefore, is to provide upstanding crown beams al-
ways in these structures. Some steel for negative moments near the crown point 
should be provided as time dependent effects may produce this type of moments. 
An additional parameter which is considered to be important, but which is not 
studied here, is the shallowness of the shell or the ratio between raise and span 
length. The empirical criteria used to distinguish a shallow shell and to determine 
the minimum allowed values of this ratio may be grossly underestimating the ef-
fects of creep and shrinkage. This is a parameter to be considered in future re-
search. 
Besides the parameters already mentioned there may be some others which are 
not as important, but which may also be studied such as thickness of the shell, 
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orientation and percentage of steel, and relative position of the edge beams with 
respect to the shell. 
Other aspects which also need to be investigated are the possible remedies to 
diminish the effects of creep and shrinkage in these structures. Two possible meas-
ures are to provide some camber at the crown point to counteract the inelastic 
deformations, and the use of prestress . 
. Finally, some other configurations in which the effects of creep and shrinkage 
may be important besides gable roofs are the umbrellas, saddle shape roofs, and 
shallow domes with openings. Further research is needed for these structural 
forms. 
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Table 5.1. Properties for beam C3. Washa and Fluck test. 
Concrete Cement type I 
f'e = 2720 psi at 14 days 
f c = 3000 psi at 28 days 
f e = 3190 psi at 2.5 years 
Madison sand and gravel 
Ee = 2.61E6 psi at 14 days 
Ee = 3.00E6 psi at 28 days 
Ee = 3.41E6 psi at 2.5 years 
Sand fineness modulus = 2.5 
Gravel fineness modulus = 7.2 
Gravel maximum size = 0.75 " 
Slump 6" in cylinder 6"x12" 
cement == 5 sacks / cubic yard 
to = 5 days (shrinkage starts) 
t- = 14 days (loading is applied) 
Room humidity between 20% and 80%. Average = 50% 
Specimens for creep and shrinkage: 4"x4"x12" 
Creep specimens under constant stress of 1575 psi 
Steel Area == 4 # 4 bars 
fy == 51000 psi 
Table 5.2. Parameters for BPC model for beam C3. Washa, and Fluck. (1) 
Parameter (2) 
m 
n 
a 
¢1 
Eo 
EsC£> 
C7 
¢d 
Ed 
Ep 
to 
h 
k 
(a) From 
-. 
composition 
0.362 
0.1201 
0.04 
3.378 
6657110 
1210E-6 
14.72 
0.0103 
1.899 
0.83 
5 
0.5 
... ~ 
1.3J 
21.77 
10 
(b) Optimizing for (c) Optimizing for 
shrinkage ' (3) creep 
" " 
" " 
" " 
" " 
" 0.1606E8 
966.7E-6 " 
15.5064 " 
" 0.06435 
" " 
" " 
" " 
" " 
" " 
" " 
" " 
(1) The quotes imply that the value is the same as the one in the column 
before. 
(2) The meaning of the parameters is the same as in Chapter 4. 
(3) For beam modeling change to: v Is = 44.2 and ks = 1.25 
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Table 5.3. Properties for beam C4. Test by Corley and Sozen. 
Concrete Cement type I 
t=c 3000 psi at 28 days Gravel maximum size = 3/8 " 
Slump 1.25" in cylinder 6"x12" Water / cement = 0.85 
Sand / cement = 4.2 to = 7 days (shrinkage starts) 
Gravel/cement = 4.5 t = 28 days (loading applied) 
Room humidity: Average = 50% 
Specimens for creep and shrinkage: 4"x16" cylinders 
Creep specimens under constant stress of 1350 psi at 28 days 
Steel Area = 3 # 3 bars 
i y = 54200 psi 
Table 5.4. Parameters for BPC model for beam C4. Corley and Sozen. (1) 
Parameter (2) (a) From (b) Optimizing for (c) Optimizing for 
composition shrinkage (3) creep 
m 0.3616 " " 
n 0.12 " " 
0.02941 " " a 
qh 3.481 " " 
Eo 0.8433E7 " 0.1033E8 
1120E-6 306.9E-6 " Esoo 
C7 14.03 " " 
¢d 0.01982 " 0.12624375 
1.9 " " Ed 
0.83 " " Ep 
8 " " 
to 
h 0.5 " " 
ks 1.15 " " 
v /s 22.8 " " 
C~ef 10 " " 
(1) The quotes imply that the value is the same as the one in the column 
before. 
(2) The meaning of the parameters is the same as in Chapter 4. 
(3) For beam modeling change to: vis = 22.47 and ks = 1.25 
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Table 5.5. Properties for panels. Vecchio and Collins tests. (I), (2) 
Group Spec. Long. steel Transv. steel Concrete 
Q h Q h fe fer Eo 
(%) (11Pa) (%) (MPa) (MPa) (MPa) (E-3) 
1 PV16 0.740 255 0.740 255 21.70 2.07 2.00 
2 PV25 1.785 466 1.785 466 19.25 1.31 1.80 
- -
_ ... -
3 PV28 1.785 483 1.785 483 19.00 2.21 1.85 
PVll 1.758 235 1.306 235 15.60 1.66 2.60 
4 PV18 1.785 431 0.315 412 19.50 2.00 2.20 
PV19 1.785 458 0.713 299 19.00 2.07 2.15 
PV17 0.740 255 0.740 255 18.60 2.00 2.00 
(1) Longitudinal and transvers steel is placed in same amounts at top and 
bottom of the panel 
(2) Es= 2.E5 MPa, Esp= 2.E3 MPa, Ee = 2 l' clEo 
Table 5.6. Loading and verification aspects. Vecchio and Collins panels. 
Group Spec. 
1 PV16 
2 PV25 
PV28 
3 PVl1 
PV18 
PV19 
4 PV17 
(1) In = - O.69V 
(2) In = 0.32V 
-" Loading V erification aspect (3) 
Pure shear T.S. model, cracking criterion 
Shear + biaxial camp. (1) T.S. at low stress, C.P. at 
Shear + biaxial tension (2) high stress 
Pure shear Effect of shear transfer model 
Pure shear parallel to crack 
Pure shear 
Monotonic uniaxial camp Concrete stress-strain relation 
(3) T.S. is tension stiffening model, and CoP, is concrete model parallel 
to the crack direction . 
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Table 5.7. Experimental and numerical results. Vecchio and Collins tests. 
Group Spec. Experimental Numerical 
Failure mod~l V (2) u e(3) Failure mode Vu e(4) 
(MPa) _( deg) (MFa) (deg) 
1 PV16 Yl, Y2 2.14 45.0 Yl, Y2 1.95 45.0 
2 PV25 S, Y2 9.12 45.5 S 7.51 45.0 
PV28 S, Y2 5.80 43.3 S 5.50 45.0 
3 PV11 Yl, Y2 3.56 40.2 Yl, Y2 3.63 46.5 
PV18 B, S 3.04 34.9 Y2 3.20 32.0 
PV19 S, Yl 3.95 38.0 Y2 4.18 34.4 
4 PV17 C 19.4 (5 - C 21.0 -
(1) Abbreviations stand for: Yl, Y2, yielding in longitudinal and transverse 
steel, respectively, S is shear failure, B is bond failure, and C is crush-
ing of concrete. 
(2) Ultimate shear stress 
(3) Average orientation of maximum principal concrete stress and strain with 
respect to longitudinal direction. 
(4) Yield line orientation 
(5) This is uniaxial compressive stress. 
Table 5.8. Properties for Cardenas and Sozen panels. (1) 
Spec. L d' (2 oa Ing Thickness fe fy Es Qx Qy 
(in) (psi) (ksi) (ksi) (%) (%) 
B07 Mb 4.14 5150 50.0 30000 0.790 0.862 
Bll Mb 4.12 4800 50.0 30000 0.794 0.433 
B12 Mb 4.12 5170 47.6 30000 0.794 0.433 
B27 T, M b (3 4.06 5350 45.2 30000 0.806 0.879 
B27A T, M b (3 4.04 5230 49.9 28514 0.810 0.884 
B33 -T, M b (3 4.07 4930 45.9 30000 0.804 0.219 
(1) For concrete Ec = 57000!i'c, f t = 0.33 jw f e 
(2) M b is the bending moment, and T is the twisting moment 
(3) Twisting follows the relation: T = f14 M b 
ax (4) 
(deg) 
-45.0 
-22.5 
67.5 
-45.0 
-45.0 
0.0 
(4) Angle is positive counterclockwise from x axis or bending axis 
a (4) y 
(deg) 
45.0 
67.5 
-22.5 
45.0 
45.0 
90.0 
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Table 5.9. Results for Cardenas and Sozen panels. 
Experimental Com2uted 
Spec. M (1) y Mu (2) 8 u (3) M (1) Y 
M (2) 
u 
8
u 
(3) 
(lb-in/in) (Ib-in/in) (deg) (lb-in/in1 (lb-in/in) (deg) 
B07 5600 5850 90 5400 5870 89.8 
Bll 4500 5350 . 109 4750 5170 107.2 
B12 2800 3820 80 2240 3140 86.3 
B27 5700 5000 111 5400 5650 108.6 
B27A 5080 5500 112 5500 5825 109.9 
B33 4180 4600 137 4170 4345 135.3 
(1) Yield moment 
(2) Ultimate moment 
(3) Yield line orientation from x axis. Positive counterclockwise. 
Note: Moments are measured in the direction of the principal applied mo-
ments at an angle of 20.5 deg. counterclockwise from the x axis when 
torsion and bending act simultaneously, and in the direction of the x 
axis when only bending moments are applied. 
Table 5.10. Properties for Duddeck slabs. 
Slab Top Bottom 
Ie It Ee h Es Qx Qy Qx Qy 
1v1Pa 1v1Pa 1v1Pa 11Pa :N.1Pa (%) (%) (%) (%1 
11 43 2 16400 670 201000 0.297 0.297 0.611 0.611 
31 43 2 16400 670 201000 0.435 0.158 0.895 0.326 
Table 5.11. Properties for shell A2. Bouma test. 
fe ,1; fr(:(beam) ft(Yshell) V Ec fy 
f\ 1Pa !\ 1Pa MPa NfPa 1v1Pa 
25 3.26 1.63 0.2 26187 265 196200 1962 
(1) Strenfth for 6"x12" cylinder. Aprox. 0.83 of cube strength = 30 1v1Pa 
(2) f t = C 65 \ w f e (psi) 
(3) fl = 0.33 yW Fe (psi) 
112 
Table 5.12. Reinforcement pattern zones for shell A2. 
Pattern Layer 1 Layer 2 Layer 3 
¢ (1) Q (2) 
Zi 
(3) .4 (4) ¢ Q Zi .4 ¢ Q Zi .4 
1 1 0.393 0.25 0.0 1 0.393 -0.25 0.0 1 0.393 -0.35 90. 
2 1 0.393 0.25 0.0 1 0.393 -0.25 0.0 1 0.393 -0.35 90.0 
3 1 0.393 0.25 0.0 1 0.393 -0.25 0.0 1 0.393 -0.35 90.0 
4 1 0.393 0.25 0.0 1 0.393 -0.25 0.0 1 0.393 -0.35 90.0 
5 1 0.393 0.25 0.0 1 0.393 -0.25 0.0 1 0.393 -0.35 90.0 
Pattern Layer 4 Layer 5 
¢ Q Zi .4 ¢ Q Zi .4 
1 1 0.786 0.35 90 1 0.565 0 135 
2 1 0.393 0.35 90 1 0.565 0 135 
3 1 0.786 0.35 90 
4 1 0.393 0.35 90 1 0.565 0 135 
5 1 0.393 0.35 90 
(l) Bar diameter in mm. 
(2) Percentage of steel in % 
(3) Distance from middle surface to steel layer i normalized by the thickness 
(4) Angle with respect to longitudinal axis. Positive counterclockwise. 
Table 5.13. Properties for the material used in Taylor slab. 
Concrete 
Steel 
Fe = 3000 psi at 28 days 
Ec = 3.97E6 psi at 35 days (secant modulus at 40% of f'c) 
Gravel 3/8" and 3/4" 
Cement = 500 lb/cubic yd Water/cement = 0.6 
Slump 3" in cylinder 6"x12" 
Shrinkage measured in specimens of 279x76x76 mm at a 
relative humidity of 50%. Shrinkage strains vary from 670 
to 930 microstrain 
to = 28 days (shrinkage starts) 
i y = 50000 psi 
Table 5.14. Activities for Taylor slab. 
Operation Time(days) Action 
Casting and sealing 0 
Slab stripped 16 Apply dead load = 110 psf 
remove sealing 28 Start shrinkage 
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Table 5.15. Reinforcement pattern zones for Taylor slab. 
Pattern Layer 1 Layer 2 Layer 3 
¢> (1) () (2) (3) 4(4) q; () Zi Zi 4 ¢> Q Zi 4 
1 4 0.245 0.375 0.0 5 1.065 0.305 90.0 4 0.196 -0.375 0.0 
2 6 0.773 0.359 0.0 5 0.375 0.273 90.0 4 0.196 -0.375 0.0 
3 6 0.773 0.359 0.0 5 0.375 0.273 90.0 6 0.442 -0.359 0.0 
4 4 0.147 0.375 0.0 5 0.213 0.305 90.0 6 0.442 -0.359 0.0 
5 6 0.773 0.359 0.0 5 0.464 0.273 90.0 6 0.442 -0.359 0.0 
6 6 0.773 0.359 0.0 5 0.464 0.273 90.0 4 0.196 -0.375 0.0 
7 4 0.245 0.375 0.0 5 0.169 0.305 90.0 4 0.196 -0.375 0.0 
8 5 0.192 0.367 0.0 4 0.341 0.297 90.0 4 0.196 -0.375 0.0 
9 5 0.230 0.367 0.0 4 0.120 0.297 90.0 4 0.196 -0.375 0.0 
10 5 0.230 0.367 0.0 4 0.120 0.297 90.0 5 0.268 -0.367 0.0 
11 5 0.268 -0.367 0.0 
12 5 0.230 0.367 0.0 4 0.119 0.297 90.0 5 0.268 -0.367 0.0 
13 5 0.230 0.367 0.0 4 0.119 0.297 90.0 4 0.196 -0.375 0.0 
14 5 0.192 0.367 0.0 4 0.081 0.297 90.0 4 0.196 -0.375 0.0 
15 4 0.245 0.375 0.0 5 1.278 0.289 90.0 4 0.245 -0.375 0.0 
16 6 0.773 0.359 0.0 6 0.541 0.266 90.0 4 0.245 -0.375 0.0 
17 6 0.773 0.359 0.0 6 0.541 0.266 90.0 6 0.442 -0.359 0.0 
18 6 0.773 0.359 0.0 6 0.668 0.266 90.0 6 0.442 -0.359 0.0 
19 6 0.773 0.359' 0.0 6 0.668 0.266 90.0 4 0.196 -0.375 0.0 
Pattern Layer 4 Pattern Layer 4 (cont.) 
rf> n d; 0 Zi A- Zi 4 
1 I: 0.6~14 -0.313 90.01 11 I ~ 0.213 -0.289 90.0 1 
2 4 0.189 
-0.313 90.0 12 4 0.198 -0.297 
'"" 4 0.189 
-0.313 90.0 4 0.198 -0.297 .5 13 
4 5 0.213 -0.273 90.0 14 5 0.169 -0.305 
5 4 0.198 -0.250 90.0 15 4 0.614 -0.313 
6 4 0.198 -0.250 90.0 16 4 0.189 -0.313 
7 5 0.169 -0.305 90.0 17 4 0.189 -0.281 
8 
.:+ 0.614 -0.313 90.0 18 4 0.198 -0.281 
9 4 0.189 -0.313 90.0 19 4 0.198 -0.313 
10 4 0.189 -0.297 90.0 
(1) Bar diameter in 1/8 in. 
(2) % of steel per unit length of slab 
(3) Distance from middle surface to layer i normalized by the thickness. 
(4) Angle of steel W.r.t. line of symmetry. Positive counterclockwise. 
90.0 
90.0 
90.0 
90.0 
90.0 
90.0 
90.0 
90.0 
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Table 5.16. Summary of composition parameters for Taylor slab. 
Gravel: 3/8" and 3/4" 
Relative humidity: 50% 
Cement = 500 lb/cubic yard 
Slump: 3" in 6" x 12" cylinders 
Water/cement = 0.6 Gravel/cement = 3.51 Sand/cement = 2.81 
Table 5.17. Coefficients used for BPC model for Taylor slab. (1) 
Parameter(2 (a) From (b) Optimizing (c) For slab (d) Optimizing 
composition for shrinkage for creep 
0.3911 " m " " 
n 0.12 " " " 
0.04167 " " " a 
¢1 3.656 " " -7.078 
Eo 7.98E6 8.87E6 " 0.108E8 
1210E6 936E6 " " EsC%> 
C7 10.275 " " " 
. 
¢d 0.00859 0.01704 " 0.0843 
1.9 " " " Ed 
0.83 " " " Ep 
28 " 16 " to 
h 0.5 " " " 
ks 1.35 " 1.00 " 
vis 16.72 " 101 " 
10 " " " 
(1) The quotes imply that the value is the same as the one in the column 
before. 
(2) The meaning of the parameters is the same as in Chapter 4. 
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Table 6.1. Concrete and steel data. 
Concrete 
( ref. [60] ) 
Steel 
Fine aggregates: 55% 
Water: 459 lb 
Quantities / cubic yard: Cement: 6.39 bags or 601 lb 
Fine aggregate: 1184 lb 
Coarse aggregate: 687 Ib 
Air computed: 5.7% 
Unit weight of plastic concrete: 108.6 Ib/ft3 
Slump: 2.5 in 
C 1· d {Unit weight: 106.9 Ib/ft3 y In ers: 
Absorption: 18.76 ( percent by volume) 
fy = 50000 psi 
Es = 30000 ksi } Assumed values 
Esp = 300 ksi 
Table 6.2. Concrete compressive strength and modulus of elasticity. 
Compressive strength f c 
Storage 1 2 3 7 14 28 90 180 365 
Wet 970 1170 1850 2450 3050 3940 4190 4570 
Dry 2380 3100 3720 3540 3470 
Static modulus of elasticity Ec x 106 
Storage 1 2 3 7 14 28 90 180 365 
-
Wet 1.24 1.40 1.81 1.97 2.18 2.56 2.74 2.82 
Dry 1.82 2.17 1.96 1.87 1.79 
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Table 6.3. Parameters for BPC model for gable roof. (1) 
Parameter (2) (a) For shell (b) For beams 
m 0.3875 " 
n 0.1926 " 
a 0.0328 " 
1>1 3.9315 " 
Eo 0.5164E7 " 
EsCD 926.5E-6 " 
C7 12.1950 " 
¢d 0.0311 " 
1.8407 " Ed 
0.83 " Ep 
to 28 " 
h 0.5 " 
ks 1.0 1.25 
vis 44.0 117.0 
c~ef 10 " 
(1) The quotes imply that the value is the same as the one in the 
column before 
(2) The meaning of the parameters is the same as in Chapter 4. 
Table 6.4. Sets for parametric study. 
Parameters Set 1 Set 2 Set 3 
Big tie V' V 
Small tie V 
Beam up V 
Beam down V' V 
No beam 
Tabie 6.5. Schedule for gabie roof. 
Time (days) Activities 
0 Roof is cast and covered with an impervious layer 
Set 4 
V 
V 
28 Forms removed. Drying starts and structure is loaded with 
self weight 
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Table 6.6. Set 1. Horizontal forces through section A-A (see Fig. 6.17.). 
North-South direction . 
28 Days 128 Days 10028 Days 
Section ( Dead Loadl 
(Kips) (%) (Kips) (%) (Kips) (%) 
Shell -145.772 105.750 -85.413 60.839 -94.595 62.635 
Ridge beam -10.440 7.574 -68.506 48.797 -52.739 34.920 
Edge beam 18.366 -13.324 13.528 -9.636 -3.692 2.445 
Shell+beams -137.846 100.00 -140.391 100.00 -151.026 100.00 
Total force -158.133 -166.495 -165.598 
Tie force 163.952 100.00 158.579 100.00 175.916 100.00 
[ Difference 5.819 I 3.50 I -7.916 I 4.99 i 10.318 i 5.87 
Table 6.7. Set 1. Horizontal forces through section B-B (see Fig. 6.17. ). 
East-West direction. 
28 Days 128 Days 10028 Days 
Section ( Dead Load) 
(Kips) (%) (Kips) (%) (Kips) (%) 
Shell -127.58 125.707 -75.62 74.657 -84.41 78.980 
Ridge beam 12.83 -12.642 -30.62 30.230 -18.03 16.865 
Edge beam 13.26 -13.065 4.95 -4.887 -4.44 4.155 
Shell+beams -101.49 100.00 -101.29 100.00 -106.88 100.00 
Total force -110.25 -118.49 -118.67 
Tie force 110.72 100.00 116.48 100.00 119.44 100.00 
Difference 0.47 0.42 -2.01 1.73 0.78 0.65 
Table 6.8. Set 1. Vertical forces for one panel. 
28 Days 128 Days 10028 Days 
Section ( Dead Load) 
(Kips) (%) (Kips) (%) (Kips) (%) 
Spring support -111.574 -109.887 -111.082 
Total load 107.560 100.00 107.56 100.00 107.56 100.00 
Difference -4.014 3.70 -2.327 2.16 -3.522 3.27 
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Table 6.9. Set 3. Horizontal forces through section A-A (see Fig. 6.17.). 
North-South direction. 
28 Days 128 Days 10028 Days 
Section ( Dead Load) 
(Kips) (%) (Kips) (%) (Kips) (%) 
Shell -94.68 72.54 28.92 -24.92 -44.68 32.85 
Ridge beam -56.61 43.37 -153.65 132.42 -91.15 67.01 
Edge beam 20.76 -15.91 8.70 -7.50 -0.20 0.14 
Shell+beams -130.53 100.00 -116.03 100.00 -136.03 100.00 
Total force -150.82 -142.92 -150.34 
Tie force 155.37 100.00 132.28 100.00 163.34 100.00 
Difference 4.55 2.93 10.64 8.04 13.00 7.96 
Table 6.10. Set 3. Horizontal forces through section B-B (see Fig. 6.17.). 
East-West direction. 
28 Days 128 Days 10028 Days 
Section ( Dead Load) 
(Kips) (%) (Kips) (%) (Kips) (%) 
Shell -57.13 58.46 48.96 -55.43 -46.16 43.99 
Ridge beam -56.72 58.04 - -136.33 154.36 -49.39 47.08 
Edge beam 16.13 -16.15 -0.95 1.07 -9.37 8.93 
Shell+beams -97.72 100.00 -88.32 100.00 -104.91 100.00 
Total force -106.79 -106.63 -116.56 
Tie force 106.464 100.00 103.27 100.00 116.87 100.00 
Difference -0.33 0.31 -3.36 3.25 0.31 0.27 
Table 6.11. Set 3. Vertical forces for one panel. 
28 Days 128 Days 10028 Days 
Section ( Dead Load) 
(Kips) (%) (Kips) (%) (Kips) (%) 
Spring support -113.90 -109.66 -112.14 
Total load 107.560 100.00 107.56 100.00 107.56 100.00 
Difference 6.34 5.89 2.16 2.01 4.58 4.26 
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Table 7.1. Summary of vertical displacements at crown point. 
Set Description At 28 days (in) At 10028 days (in) 
1 Big tie -0.827 -6.980 
2 Small tie -2.140 -8.948 
3 Beam up -0.647 -4.609 
4 No crown -0.182 -1.708 
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Fig. 2.1. Stress resultants for beams. 
Fig. 2.2. Stress resultants for shells and plates. 
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Fig. 2.3. Layering discretization of beam and shell elements. 
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Fig. 3.1. Positive sign convention for 9-noded lagrangian shell element. 
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Fig. 3.2. Positive sign convention for 3-noded beam element. 
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I E n+l ~ final value 
I p 
dEp ~ correct increment 
Fig. 4.1. Procedure to obtain correct increment of plastic strain and current ef-
fective stress 
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Fig. 4.2. Failure surface for Hsieh, Ting, and Chen criterion. 
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Fig. 4.3. Maxwell chain model for a material under relaxation. 
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Fig. 5.1. Geometry and properties for beam T1MA. 
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Fig. 5.2. Finite element model for beam T1MA. 
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Fig. 5.3. Load-displacement for beam T1MA. 
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WASHA. AND. FLUCK, 1952 
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Fig. 5.5. Shrinkage strains for Washa, and Fluck test. 
s.o"I L.--e _-_---I_ I l4. 0" r c = 3000 psi at 28 days As = 4 # 4 
Fig. 5.6. Geometry of beam C3 tested by Washa, and Fluck. 
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J; 31.2" ~ ~ 20.8'~ 
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,--
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I~ 12.0" 
10 concrete layers. 1 steel layer 
Fig. 5.7. Finite element model for beam C3 tested by Washa, and Fluck. 
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Fig. 5.8. Beam response under creep only. Shrinkage not considered. 
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Fig. 5.9. Response under creep and shrinkage for beam C3. 
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Fig. 5.10. Strains at midspan measured at one inch from top and bottom. 
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1.8 
1.6 CORLEY. AND SOZEN, 1966 
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Fig. 5.11. Creep compliance for beam C4. Corley and Sozen beam. 
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Fig. 5.12. Shrinkage function. Corley and Sozen beam C4. 
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Fig. 5.13. Geometry of beam C4 tested by Corley, and Sozen. 
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Fig. 5.14. Finite element model for beam C4 tested by Corley, and Sozen. 
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CORLEY. AND SOZEN. 1965 
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Fig. 5.15. Vertical deflection at midspan. Corley and Sozen beam C4. 
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Fig. 5.16. Strain distribution at midspan. Beam C3. 
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Fig. 5.17. Stress distribution at midspan. Beam C3. 
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Fig. 5.18. Stress variation in time at midspan for steel and concrete at top of 
beam C3. 
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Fig. 5.19. Time dependent and independent displacements in beam C3. 
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Fig. 5.20. Finite element discretization for Vecchio and Collins panels. 
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Fig. 5.21. Results for panel PV16. Vecchio and Collins. 
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Fig. 5.26. Results for panel PV19. Vecchio and Collins. 
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Fig. 5.31. Panel B07. Cardenas and Sozen. 
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Fig. 5.45. Finite element mesh for shell A2. Bouma test. 
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Fig. 5.49. Response for beam C3. Washa and fluck test. 
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Fig. 5.50. Response for beam C4. Corley and Sozen test. 
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Fig. 5.51. Roof slab diagram showing points used for comparison. Taylor slab. 
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Fig. 5.54. Reinforcement pattern zones. Taylor slab. 
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Fig. 5.56. Initial compliance function for Taylor slab. 
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Fig. 5.60. Initial response at point 10 for Taylor slab. 
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Fig. 5.62. Final response at point 2 for Taylor slab. 
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Fig. 5.64. Final response at point 10 for Taylor slab. 
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Fig. 6.3. Perspective view of gable roof. 
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Fig. 6.14. Beam mechanism for gable roof. 
a 
--------------! 
! 
! 
I 
I 
Crown beam 
-+- y 
h 
Fig. 6.15. Membrane state of stress in one panel. 
---- ----------! 
I I 
Constant shear ! I 
in shell I I~ 
! I ) 
Forces accumulating 
in edge members 
Fig. 6.16. Forces in edge members due to shear in shell panel. 
r 
r 
\ 1-
1:. 
r 
I 
! 
., 
1 
[ 
, 
I 
[ 
[ 
I 
l 
I 
r 
L. 
.1 
1 
i 
I 
J 
I 
i 
.J 
1 
, 
j 
f 
., 
1 
J 
171 
-/l ... A ~ , , 
B B 
E 
I I I I 
Fig. 6.17. Sections for static checks in gable roof panel. 
2a 
A 
... ".:<.:.,....::::·t--___ a ___ ~~ 
Fig. 6.18. Effective length for bending design of a crown beam. 
172 
Fig. 6.19. Arching mechanism. 
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Fig. 6.21. Shear transfer mechanism. 
Fig. 6.22. Arching and shear transfer mechanisms during stage 2. 
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Fig. 6.24. Arching mechanism during stage 3. 
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Fig. 6.32. Set 1. Axial force distribution in north-south edge beam. 
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Fig. 6.35. Set 1. Moment distribution in east-west crown beam. 
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Fig. 6.38. Set 1. Moment distribution in north-south edge beam. 
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Fig. 6.60. Set 2. Moment distribution in east-west crown beam. 
900 
800 
700 
600 
500 
400 
300 
200 
100 
0 
-100 
0 108 216 324 432 540 648 
DISTANCE FROM CROWN (INCHES) 
Fig. 6.61. Set '2. Moment distribution in north-south crown beam. 
r-.. 
z 
I 
n.. 
~ 
'--' 
r 
z 
w 
~ 
0 
~ 
r 
z 
w 
2: 
o 
::2 
3000 
2500 
2000 
1500 
1000 
500 
0 
-500 
-1000 
-1500 
-2000 
204 
0.0 124.3 248.7 373.0 
DISTANCE FROM EDGE (INCHES) 
llME (DAYS) 
• • 28. 
28.1 
29 
38 
128 
1028 
10028 
Fig. 6.62. Set 2. Moment distribution in east-west edge beam. 
5000 
4000 
3000 
2000 
1000 
o 
-1000 
-2000 
-3000 
0.0 
llME (DAYS) 
• • 28. 
28.1 
29 
38 
128 
1028 
10028 
112.5 225.0 337.5 450.0 562.5 
DISTANCE FROM CROWN (INCHES) 
Fig. 6.63. Set 2. Moment distribution in north-south edge beam. 
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Fig. 6.68. Set 2. Change in Nx contours due to creep and shrinkage. 
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Fig. 6.70. Set 2. Change in Nxy contours due to creep and shrinkage. 
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Fig. 6.80. Set 3: Axial force distribution in north-south crown beam. 
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Fig. 6.98. (Cont.) Set 3. Change in Mxy contours due to creep and shrinkage. 
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